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1 Application of the Information Bottleneck to LPAD Learning

In order to apply the Information Bottleneck (IB) to LPADs, the network G, is the result of the
translation of the LPAD for which we want to learn the parameters plus the addition of the Y
variable. The set of hidden variables contains the vector of the choice variables CH plus those atoms
that are unobserved in the data, let us call them T. With X we indicate the set of atom variables
that are observed in the data.

Suppose you want to learn the parameters of an LPAD using IB. Consider the LPAD L:

ri=z1:04V22:0.3.

ro =x2:0.1VvVax3:0.2.

rg=x4:0.6Vx5:0.4+ x1.

rg =a5:04 + x2,23.

rs =x6:0.3Vx7:0.2+ 22, 25.
The Bayesian network equivalent to L is shown in Figure 1. For the G;;,, network, we consider a naive

Fig. 1. Bayesian network

Bayes factorization:

QICH,T|Y) = [Te(cHY) [ToT;Y).
4 J
Consider the LPAD L. Moreover, suppose that x5 is unseen in the data. The networks G;,, and G+
for this LPAD are shown in Figure 2. According to IB, the chosen @ distribution must be such that
unobserved variables are independent of observed ones given Y. This requirement is satisfied by

Gin in Figure 2. As regards P, CH and T must be the only parents of Y. This requirement is also



satisfied by Goy: in fact, the observed variables are completely determined by knowing CH and T
and so it the instance identity (assuming there are no duplicate examples, but this can be modeled

by assigning them a different prior probability Q(Y)).
Note that for the network to be well defined the LPAD must be acyclic.

A ground normal logic program is acyclic [1] if the ground atoms can be assigned an integer level
so that the level of the atom in the head of each rule is higher than the level of each atom in the

body.

A disjunctive logic program is acyclic if the ground atoms can be assigned an integer level so
that the level of each the atom in the head of each rule is the same and it is higher than the level

of each atom in the body.
Let us compute the objective function Lg,; for such a case

L =1(CH, T;Y) — 4(Eqllog P(X, T, CH)| — Eq[log Q(CH, T)))

where
H(CH,T) - H(CH,T|Y
IQ(CH, T, Y) — ( ) )1Og2 e( ) ‘ ) —
—Eqllog Q(CH, T)] + Eqg[log Q(CH, T|Y)] =
~Eqllog Q(CH, T)] + > Eq[log Q(CH;|Y)] + > +Eqlog Q(T;|Y)]
and

Eqllog Q(CH, T)] ~ ZEQ [log Q(CH;)] + ZEQ [log Q(T3)]
following [2]. Thus

Ly = Eqllog Q(CH, T|Y)] — yEq[log P(X, T, CH)] + (y — 1)Eq[log Q(CH, T)]) =
ZEQ llog Q(CH,|Y)] + ZEQ log Q(T;|Y)] — vEq[log P(X, T, CH)] +

(v=1)3_Eollog Q(chi)] + (v 1)} Eqllog Q(t:)]

2 Stationary Points of Lgy,

In this section we describe how to find the stationary poins of Lgj,.

(1)



Proposition 1 (Stationary points of Lgyr). Let Len be the function (1). Q(chsly) and Q(t;|y)
are stationary points of Lgy with respect to a fized choice of P if and only if for all values ch;, t;
and y:

1
ch; _ : ch; 1—“76"71311]’(%1'7y)7
Qehly) = 5 Qleh)
1
tily) = ) YEP(t;,y)
QW) =z @

where

ZCH i .Y, ,_Y ZQ Ch/ 1— 'yefyIE]P’(ch y)

ch,

(i,y,7) ZQ 1 7 VEP(t],y)

are normalizing constants, and
EP(chi,y) = Eq(cH,T|ch:,y) log P(x[y], T, CH)],

EP(t;,y) = Eq(cH, Tty log P(x[y], T,CH)].

Proof. We want to find the stationary points of Q(ch;|y) and Q(¢;|y) under the constraint that

> Q(chily) =1
ch;
> Q(tily) =1

for any y.
Using Langrange multipliers, we want to optimize:

L =Eq[log Q(CH, T|Y)] — ~(Eq[log P(X, T, CH)] + Eq[log Q(CH, T)])(v — 1)+

+ZZA§3§* (ZQ (chily) —1) +ZZ)\ (ZQ(t;|y)_1) .

ch’,

Computing the derivative of £ with respect to Q(chio|yo) and Q(t:0lyo) we get

OEq[log Q(CH|Y)] 93 ch, .y Qlchr, y)log Qlchrly)
8Q(Ch20|y0) B aQ(Chlo‘yo) B
Qlchi, yo)

(Q(yg)log Q(chi|yo) + Q(chky0)> 1{i0 = k, chio = chy} =
Q(yo)(log Q(chyyo) + 1)1{i0 = k, chio = chy}

OEqlog Q(T3[Y)] 0>, ., @k, y)log Q(tly)
9Q(tiolyo) B 9Q(tiolyo) B
Q(tkayo)

(@) oz @(ext) + 20 14i0 = o = 11} =
Qo) (105 Q1) + L0 = bt = 1}




OEqgllog P(X,T,CH)] 03 ey yx@(ch,t,x,y)log P(x,t,ch)

0Q(chiolyo) B 0Q(chiolyo)

dEq[log P(X, T, CH)]

Z —8Q(ch,t,x,y) log P(x,t,ch) =

it 0Q(chiolyo)

log P(x,t,ch) =
Ch§,x 9Q(chiolyo) og P(x,t,ch)

> Q(ch,t,x|chio, y0)Q(yo) log P(x[yo], t, ch) =
ch\{ch;},t,x

Q(yO)EQ(CHﬁT\Chioyyo) [IOg P(X[yo], T, CH)]

90 tlm0) = Q(Yo)EQ(CH,T|ti0,y0) 108 P(x[yo], T, CH)]

0Eg[log Q(CH, T)] _

8Q(Ch10|yO)

220

Chk

2 2 5Qchuly)

0Q(chy) log Q(chy)

6@ Chk;
Q(chi 0|yo

0Q(tr)log Q(tr)
9Q(chiolyo) ZZ OQ(chiolyo)

dlog Q(chy)

log Q(chy) + Z Q(chr) 9Q(chiolyo)

310gQ(tk) _
ZZ 8@ ch 0|y0 1OgQ tk + ZQ tk aQ(Chio‘yo) o

2.2
2.2
22
2.2

Q(yo) log Q(chio) + Q(chio)

Therefore

oL

0Q(chiolyo)

932, Qlchikly)Q(y ) dlog Q(chy,)
OQcnolye) B Q)+ 2 Q) G )
9>, Qtkly)Q(y) Olog Q(tk) _
90 (chnlyo) 08 @) *ZQ ) R lehialyo)
932, Qlchily)Q(y ) log Q(chi) + 3" Qehy) 1 03, Qchkly)Q(y)

0Q(chiolyo) Q(chy)  9Q(chiolyo)

Chk

9%, Qtk|y)Q () log Q(t0) + 3" Q1) 1 03, QUly)Qly) _

9Q(chiolyo) Q(tr)  9Q(chiolyo)

Q(yo)
Q(chio)

= Q(yo)(log Q(chio) + 1)

OEq[log Q(CH, T)]
9Q(tiolyo)

= Q(yo)(log Q(tio) + 1)

= Q(yo)(log Q(chiolyo) + 1) — YQWo)EQ(CH, T|chio,yo) 108 P (x[yo], T, CH)] +

(v = 1)Q(yo)(log Q(chio) + 1) + )‘100};0 =
Q(yo)(log Q(chiolyo) + 1 — YEq(CH,T|chio,u0) 108 P(x[y0], T, CH)] +
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(v — 1)(log Q(chio) + 1)) + )‘%};0 =

Q(yo)(log Q(chiolyo) + 1 — YEQ(CH,T|chio,yo) 108 P(x[yo], T, CH)| +
~v(log Q(chio) + 1) —log Q(chio) — 1) + Ay, =

Q(yo)(log Q(ch zo|yo) YEQ(CH, T|chio,yo) 108 P(X[yo], T, CH)] +
vlog Q(chio) + v — log Q(chig)) + A,

oL
300ty = Q(yo0)(log Q(tiolyo) — YEq(cH,T|t:0.50) 108 P(X[yo], T, CH)] +

vlog Q(tin) + v — log Q(tin)) + A Yo

Dividing by Q(y) and equating to 0

Q(chiolyo) = ™70/ Q) Q(chyg) =7V (Chio )
Q(tiolyo) = e 0w/ QWO Q (1)1 =7V (tiowo)

where

EP(chi,y) = Eq(cH,T|ch:.y) [log P(x[y], T, CH)]
]EP(t’ia y) = EQ(CH,T\ti,y) [log P(X[y], T7 CH)}

Normalizing we get

1 - .
Q(ch;|ly) = mQ(Chi)l 7 o VEP(chi y)
Qt;ly) = L o BBt )
(tz|y) ZT(Z,y,’}/)Q<tZ) e

where
ZCH i .Y, 'Y ZQ Ch/ 1— 'ye’y]E]P’(ch Y)
ch,

(i,y, 7 ZQ 1 ve'leJP’(tl,y)

3 Derivatives of Gep, ,(Q,7) and Gy, ,(Q,7)
Let us now compute the update direction. The G functions are
Genyy(Q,7) = —log Q(chiy) + (1 — v)log Q(chy) + YEP(chy,y) — log Zcu(k, y,7)

Gty y(Q,7) = —log Q(txly) + (1 —v)log Q(tx) + VEP(ty, y) — log Zr(k,y,7)

We apply a computation similar to the one in appendix B in [2].

Let us first express the parameters of P: Hmpawj =1if z; € val (pazj) and 0 otherwise, where
val(pa, ) is the set of values assumed by pa, - . For a non ground rule 7, let 0 p, —pd, [pody, OF simply
Ohd, |b0dy be the probability that the head hd.,. is selected given that the body has truth value bodys,..
Let i(r) be the set of instances of r and, given a ground rule k, let (k) be the non ground rule of
which & is an instance. Given the body pa,j,, of instantiated rule k, let bt(pa,;, ) be 1 if the observed



variables in pa,,, do not make the body false and 0 otherwise. Let tb(pa,, ) be a set of values for

the unobserved variables that are parents of chy. The values are those that do not make the body
false.

The values of 01,4, |pody, are
0HD,~:none|false =1.0

eHDT:."c\false =0.0

0 _ Zsei(r) Zy Q(y)Q<Chs = hdr':‘/)bt(pachs [y]) Htietb(pachs) Q(t2|y) + Oé(r’ hdr’ true) _
il = Sseitn 2y QUIOEP2, W) TT1iciv(pa,,.,) QUlily) + alr, true) :
Zsei(r) N (s, hd,.) + a(r, hd,, true)
N(r)
N (r, hd,)
N(r)
where
N(s,hdy) = > Q)Q(Chs = hd,[y)bt(pa,, [y))  [[  Qly)
Y ti€tb(pa.y,)
and

N(r, hd,) Z/\/’shd

s€i(r)
The derivatives of the parameters are:
ON (s, hd, .
ON{s,hdy) _ Qo)bt(pay, o))  []  Qtilvo)1{chio = hd,,i0 = s, chig = hd, }
9Q(chiolyo) .
jEtb(pacy,)
ON (r,hd,.)

m = Q(yo)bt(Pachm [vo]) H Q(tj|yO)1{Chi0 = hd,,i0 € i(r)}

tjEtb(pacy, )
ON(r) B
9Qchl)
S = QQ(Ch, = hd e, ) ] Qe {t < dipas,)
)
)

ti€tb(pacy, ) \{tio}
ON(r, hd,)
aQ( 10|y0

ON(r
8@(@»(()50) =Q(yo) Y bt(pay, [vo) 1T Q(t;lyo)1{tio € th(pa,,. )}

s€i(r) tj€tb(pa., ) \{tio}
agﬂcﬂpazj

0Q(chiolyo) -
aetkh)af,k o

9Q(chiolyo)
ae:pﬂpam_
dQ(tiolyo)

Q(yo) Z Q(Chs = hd,|yo)bt(pa,y,_[yo]) H Q(t;]yo)1{tio € tb(pa,y,, )}

s€i(r) tjetb(pachs)\{tm}



OBy o,
9Q(tiolyo)
04, | false
9Q(chiolyo)
OO, |false

9Q(tiolyo)
8'9hd,,~|true _
9Q(chiolyo)
ON (r,hd, ON (r
78Q(C(hi0|y0))N(T) + N(T, hdr) BQ(ChEo\)yo) _
N(r)?
bt(Pac,, [Yo]) 111, crvipa,, ) @(Ei190)1H{chio = hdy,i0 € i(r)}
Q(yo N
aahd7~\true _
9Q(tiolyo)
ON (r,hd, ON (r
Sttt N () + N hdy) 5 s _
N(r)?
Q(yo) Zsei(r) Q(Chs = hd,|yo)bt(pa,p, [yo]) Htjetb(pachs)\{tm} Q(t;lyo){tio € th(pagy,)} n
N(r)
Q(Yo) 2sci(r) VEPA, [Y0]) 1, crnipa,, )\ ity @E5lY0) H{Eio € tb(pay,, ) tN (r, hd,)
N(r)?

Let us now compute %W. We can express log P(x[y], t,ch) with respect to ch; as

log P(x[yl, t,ch) = Z log GHDr(f,):Chk true + Z log GHDT(H:C}”’ IPacy, [v]
ket(i,y,x[y],t) kgt(i,y,x[y]t)

+ Z IOg ezj \pal,j [y] + Z IOg 9tk|patk
j k

where t(i,y, x[y], t) is the set of indexes of choice variables chy that are instances of rule r(¢) and
such that the instantiated rule k has the body true with respect to x[y|,t. Since the summations
Zkg{t(i yox[y],£)7 Zj and ), have 0 derivative, it is possible to prove that

Proposition 2 (Derivatives of log P with respect to Q(chio|yo))-

a IOg P(x[y()]v tv Ch)
9Q(chiolyo)

vol.t)) 8 the set of choice variables chy, with k € (i, y0,%[yo],t)). and

= Q(yO)D(y07 Cht(i,yo,x[yg],t); ChiOa paCht(i,yO,x[yO],t))

where chy(; yy x|

D(y07 Cht(i,y(,,x[yo],t)7 ChiU» paCht(i,yo,x[yO],t)) =
1 5 I, etnpa,,, ) QUilyo)Lichio = chi}
N(r(i))

0 L
ket(4,y0.%[yo],t) HD,y=chg|true




Proof.

0 log P(X[y0]7 t7 Ch) _
0Q(chiolyo)

1 aHHDT(i):chk\true B
ket (i, g0 x[yol,t) 9HDT(1):chk|tme 8Q(Chi0|y0)
1 I, c(pa,,,,) QUilyo) Lichio = chi}
ket(i,y0.x[yo],t) HD,.;y=chg|true

W > g I Qe = an} =

Onp. —
ket(igoxlyolit) 1 Dr@=Chrltrue y eyppa

1 I, etvpa,,, ) Qilyo)1{chio = chi}
ket (i,y0.x[yo),t) HD,;y=chg|true

Q(v0)D(yo, Chu(i,yo x[yo) t)» Chio; pacht(z‘.,yo,x[yo],w)

where chy(; o x[yo],t)) 15 the set of choice variables chy with k € (i, y0, X[yo], t)). O

Let us now compute %W. We can express log P(x[y], t,ch) with respect to t; as

log P(x[y],t,ch) = Z log Oup, ;) =chy|true + Z logOup,  =chylpa
keb(ti,y,x[y],t) kgb(ts,y,x[y].t)

Z log 9%_7' |pal.j [y] ++ Z IOg etk |Patk
j k

[y]+

chy,

Let b(t;,y,x[y],t) be the set of indexes of instantiations of rules for which ¢; appears in the body
with a matching truth value and such that the body is true with respect to x[y], t. The summations

Dokab(ts gl t) 2o and 3o, have 0 derivative with respect to Q(tiolyo)-
Proposition 3 (Derivatives of log P with respect to Q(t,0|yo))-

dlog P(x[yo], t, ch)
dQ(tiolyo)

= Q(yo)F (o, ech(tio), et(tio))
where

F(yo, ech(tio), et(tio)) =

> > bt(pay, [vo)) -

keb(tio,yo,x[yo],t) s€i(r(k))

[T ctv(pa,,, )\t @ 1W0) HEio € th(pacy, )} (Q(Ch; = chy|yo) + 1)

N(r(k))

HHD,.(k):chk [true

and ech(t;o) is the set of chs where s € b(tio, Yo, X[yo],t) and et(tyy) is the set of t; such that t;
appears in the body of a rule s with s € b(t;o, Yo, X[yol,t) with a matching truth value.

Proof.

dlog P(x[yo],t,ch)
9Q(tiolyo)




Z 1 aHHDT(k):chMtrue N

keb(tio,y0,x[y]t) oHDT(k):cthrue aQ(t20|y0)

Qo) > :

5 . .
keb(tio,yoxlyol,t) 1 Drtm=chkltrue

(Q(QO) 2scitr(ny) QCR, = chiyo)bt(pacy, [yo]) Ht;etb(pachs)\{tm} Q(t]lyo)1{tio € tb(pachs)}+

N(r(k))
Qo) Xseitriy) PPach, [90) Iy cuvipa,, )\ (0} @E190) Litio € th(Pac, JIN (r(k), chi)\
N(r(k))? a
Q(yo) > . S > bt(pag, [vol) -

0 _
kEb(tio,goxlyol,t) T Prty=chrltrue iy,

(Q(Ch/s = Chk|y0) Ht}etb(pachs)\{tio} Q(tﬂyo)l{tio € tb(pachs)} n

N(r(k))
Ht;etb(pachs)\{tio} Q(t}1y0)1{ti0 € tb(pag,, ) PN (r(k), chu) B
N(r(k))? B
1
Q(yo) Z P — Z bt(pa.y, [yol) -
kEb(ti0,0.x[yol,t)  HDrmy=chrltrue 5oy
I civipa,, (o) @Eily0) HEio € th(pagy,, )} <Q(Ch, ehelyo) + N(T(k)zchk)>
s = chi — =
N (k) TN (k)
1
Q(yo) Z P — Z bt(pan, [vo)) -
kEb(tio,yo.x[yol,t) T Prtn=chrltrue oy,
I ctvipa, ity @Eily0) HEio € th(pac,, )} ,
N(T(k‘)) (Q(Chs = Chk-‘y()) + aHD,,,(k):Chk‘tT‘uP‘) =

Q(yo) Z Z bt(pay, [yo]) -

keb(tio,yo,x[yo],t) s€i(r(k))

Ht; ctb(pa,y,)\tio Q(tﬂyO)l{tiO € tb(pachs)} Q(Chls = Chk|y()) i) =
N(r(k)) -

Q(yo)F (yo, ech(tio), et(tio))

GHDT(k):cthrue

Proposition 4 (Derivatives of EP(ch;,yo) with respect to Q(chio|yo))-

({‘)]EIP)(C]”L“ yO) _
0Q(chiolyo)
Qo) > 11 Q(chrlyo)
chy ec}it(ixyo,x[yo]) \{Chi'}JEtb(paCht(i,yo,x[yo]) ) chy, ec}tt(ixyo,X[yo]) )\{Chl}
11 Q(tilyo) D(Yo, chu(i,yo xlyol.t) > Chios PAch,(, ()

LEDPAL, ;o yo))

where t(i,yo,X[yo]) is the set of indexes of choice variables chy, that are instances of rule r(i) and
such that the instantiated rule has the body not false with respect to x[yo].



Proof.

OEP(ch;,yo) OEq(CH,T|chi o) l0g P(x[yo], T, CH)]
dQ(chiolyo) 9Q(chiolyo)
03 enyg Q(ch, t[chi, yo) log P(x[yo], t, ch)
B 9Q(chiolyo)

dQ(ch, t|chi,yo)
E —10 P(x[yol, t,ch) + Q(ch, t|ch;,
9Q(chiolyo) 8 Pxluo] )+ i)

a IOg P(x[y()]v tv Ch)
0Q(chiolyo)

The first term is 0 because Q(ch, t|ch;,yo) is constant with respect to Q(cho|yo). Thus
OEP(ch;, yo) — Bocmion, [810g P(x[yo], t,ch)
9Q(chiolyo) vl 9@ (chiolyo)

Eq(cH,Tlchiu0) [Q(W0) D (Yo, che(iyo,xlyol.£))» Chio, Pa, . . Loy Hchi = chio} =
QWo)Eq(cH,Tch, pa,,, o) [P (Yo, Cht(i,yo,x[yo],t)), chio, Pagn,, . {chi = chio}

]{Chz = Chio} =

EQ(cH,Tlchio.90) [P0, iy xlyol £))> Chios PAc, o ] =

> Q(Che(i o xlyol) s tb(pa,

(i, .x[yo))
chi €chy(i y, ,x[y(]])\{Chi}7t€tb(pacht(i vo,x[vo] )

)|y0)

D(y07 Cht(i,yo)a Chi07 tb(pacht(i7y0) )) =

> 11 Q(chilyo)

chi€ch(i yg xlyo)) \{chi b tELD(PA,, (0 ) ehkEche(iyg,xluo]) \chi}

11 Q(tilyo) D(Yo, cha(i,yo xlyol.0))» Chios PAC, )
BEB PR, (4 xiyo)))
where t(i, Yo, X[yo]) is the set of indexes of choice variables chy that are instances of rule (i) and
such that the instantiated rule has the body not false with respect to x[yo]. a
Proposition 5 (Derivatives of EP(¢;,yo) with respect to Q(ti0lyo))-

OQ(tiolyo)

Qo) - 3 T Q-

Q(tiolyo) k,ti€body(k)) t;€body(k)\{t:}

> Qlchilyo) > 1tjo € th(pay,, ) U (s, chy, yo)

chy s€i(r(k))

where

Ul(s, chi,yo) = bt(pag,_[yo]) N(r(k))

GHDT(k):cthrue

[Tv ctnipa,,.,) QE190) (Q(Ch; = chilyo) + 1)

Proof.

OEP(t;,y0) dlog P(x[yo],t,ch) N

3Q(tio\y0) - EQ(CH1T|ti7y0)[ ( i0|y0) ]{tz = tzO} =
Eq(cH, Tt y0) (@ (0) F (Yo, ech(tio), et(tio))[{ti = tio} =
QWo)Eq(cH, Tt y0) [F (Yo, ech(ti), et(tio))|{ti = tio}

10



]EQ(CHvT\tioyyo)[f(yOaeCh(tiO)’et(tiO))} =
Z Q(ch, tlyo) F (yo, ech(tio), et(tio)) =
ch,t\{tio}
> Qehtlyo)Qwo) > > bt(pay, [vo)) -
ch,t\{tio} keb(ti0,y0.%[yo].t) s€i(r(k))

HtQEtb(Pachs)\{tio} QUjlyo)1{tj0 € th(pac, )} (Q(Chls = chi|yo) + 1) _

N(r(k))
Qy) Y [T Q)Y Qchrlyo) > bilpag, [vo)) -

k,ti€body(k)) tjebody(k)\{t:} chy, s€i(r(k))

HtQth(Pachs)\{tio} QU lyo)Htso € thipac,, )} (Q(Chls = chi|yo) + 1) _

HHDT(k):chk [true

N(r(k))

GHDr(k):chk\true
Q(¥o)
Qb 2 1 Qo

k,t;€body(k)) t; €body(k)\{t:}

Z Q(chklyo) Z Htjo € th(pagy,, ) YU (s, chi, yo)

chi sei(r(k)

where

N(r(k))

eHDT(k):chMtrue

I, a Q(t}1yo) Ch. =ch
U(s, chi, yo) = bt(pag,_[yo)) thetb(pa,y,,) Y\ Q(Ch. = chylyo) o

O

Theorem 1 (Derivatives of G with respect to Q(ch;|y) and Q(t;|y)). Overall, the derivative
of G with respect to ch; and t; are:

0Q(chily)

~ g QW= Qehi)-

-~
(Q(chz) + 7IEQ(CH"FW”Z‘’?/0) (D (%o, Cht(l',me[yu],t),chwv Pk o xlwol ) )])
G, 4(Q,v) 1

-y
0y~ oy TeWwi-Qlly) (Q(m +1EQ(om, it [F (40, ech(tio), et(tio))])
Proof.

dlog Q(chi)  Q(yo) -
9Q(chiolyo) Q(chi)l{chz =chiy}

dlogQ(t:)  Q(yo)

aQ(ti()|y0) Q(tl) l{ti = tio}

In the following we need

O((1 — ) log Q(chs) + 1ER(chi, o)) _
0Q(chiolyo)

-y
Q(yo) <Q(Chi)1{0hi = chio} + 'YEQ(CH,T|chi,yO) ['D(yo, Cht(i7y)7ch7‘,07 tb(pacht(i,yo) ))])
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A((1 — 7)og Q(t:) + vEP(t:, o)) _
aQ( 10|y0)

Q(yo) (;&3 i = tio} + YEQ(cH, Tt yo) [F (W0, ech(tio), et(tiO))]>

Let us write log Zcu (4, yo,7)

log Zcu (i, yo, v) = log Z e(1=7) 108 Q(ehi)+7ER(chs,y0)

!
ch;

0 log ZCH (Za Yo, PY) —
0Q(chiolyo)

1 Z 86(177) logQ(ch;)Jr'y]E]P‘(ch;,yo) 7
Zcu(i,%0,7) Ch,_ 0Q(chiolyo)
1 Z o(1-7) log Q(ch})+~EB(ch! .y0) O((1 — v)log Q(ch;) + YEP(chi, yo)) _
Zcu(i,yo,7) “= 0Q(chiolyo)
chi
1 I((1 —v)log Q(ch;) + ~EP(ch},yo))
ST Q(chh) 7 exp(EP(ch, i 0¥0)) _
Zcu(i,y0,7) ZQ P(EP(ch:, yo)”) 9Q(chiolyo)
ch!
/ — ) log Q(ch}) + yEP(chi, yo))
é;@(d”"%) 9Q(chiolyo) N
o((1 — lo Chi + EP Chi y
Q(Chio‘yO) (( ’7) gQ( 0) i ( 0 yO))

9Q(chiolyo)
Let us write log Zr (i, yo,7)

log Z (i, yo,7) = log Z e(1=7) 1og Q(t7)+YEP(t;,y0)
&

810g ZT(ia IUO,V) —
9Q(tiolyo)

He(1—7) log Q(t;)+7EP(t},y0)

1
Zr(i,90,7) 2 9Q(tiolyo) B

t;-

1 Z e(lf'y) log Q(t,)+~YEP(t},y0) a((l — ’Y) IOg Q(t;) + ’YEP(t;, yO)) _

m t 9Q(tiolyo)

o ZQ 17 exp(EP(t,, o) )6((1 -7) logg((tii);)y]w(t;,yo)) _
3 Qo) =08 g(( m)' ;)vEP( L)
Qltolan) AR T )

Thus, using the results obtained in Equations 2 and 2, the derivative of the G functions with respect
to Q(chs|y) and Q(t;|y) are

12



8G(ch,i Y (Q: ’Y) —

9Q(chily)

1 0((1—)logQ(chi) £ 1EP(chiy))

Q(chily) aQ(chily)

Qe 2= DEQUI) £ EF )

1 — Olch 6((1—W)IOgQ(Chi)+7EP(Chi>Z/)):
Qe T4 Qehlv) Q(ehily)

o otenten (L=

Qi+ = Qi) (G +

,Y]EQ(CHldLi Pacp, ) [D(yo’ Cht(i,yo,x[yo],t),chio ) paCht(i,yo,x[yO],t) )])

8Gtmy(Q7’7) —
IQ(tily)
__ L9 =)1ogQt:) +9EP(Liy) Qltily) O((1 — ) log Q(t:) + vEP(ti, y)) _
Q(tily) 9Q(tily) ' 9Q(tily)
1 o QU =) 1og Q(ti) +VEP(ti,y))
Qe T QW) 9Q(t)
1 1-—
g+ Qo0 = ) (G + B mien [F s cchttn) ct(to)])
Overall, the derivative of G with respect to ch; and t; are:
8Gchi,y(Qa7) —
9Q(chily)
~ g e = Q) (ot
Qlenily) W\ Qlen)
’YEQ(CH,T|ch1,,y0) [D(y(b Cht(i,yo,x[yo],t),chioa paCht(i,yO,x[yO],t) )])
aGti7y(Q77) _ 1

Q)1 - Qtly) (1‘7 Bty F (40, cch(to), et(tm)])

aQtly) — Qtly) Q(t:)

O

Theorem 2 (Derivatives of G with respect to 7).

aC”vch«; Y (Qa 7)

o= = ~log QUehs) + EP (chi,y) ~ B ) [BP (chl, )] ~ log Qeh)]

where
EP/ (Ch1 ) y) =

[T Qlvlogbup, . =chiipa,,, [y)1H{body()ly) = true} +
tjEbody(i)

5 >[I @ly)1{body(i)ly] = false, ch; # none} +

tj€pag, t;€pag,

R(i,ch,y) + 1{ch; = x;[y], val(ch;)[y] = false} + Q(T; = false|y)1{ch; =t;,t; = false})

13



R(i,ch,y) =

> I Qchs #=lully) +

j€P(3),x;[y]|=true,ch;#z;y] chs €pa,, ,s#£1

> [T Qehs # t19)QT; = truely)

jEP(i),tj=true,ch;#t; chSGpatj ,SF1
body(i) is the body for rule i and body(i)[y] the portion of body restricted to X wvariables taking the
values x[y|, and

9y @) _ 100 (ty) + EP (t1,y) - Equy [EP'(t;, y) — log Q(t7)]

vy
where
EP (t;,y) =
Z Z Q(chily) H Q(tjly) log Oup, ;) =chy|true +
kEbb(t;,y) chp#none tj€body(k),t;#t;
0SG.ty)+ [ QChs #tily){ts = true}s +

Chsg €pa,,

1- [ @Q(Chs#tily) | 1{t; = false}s

Chg €pay,

S(i,t,y) =
Z Q(Chy, = nonely) H Q(t;ly) +

keEbb(ti.y) t; €body (k) t; #t:

Y QChx#nonely) [1- [ Qly) |+

tj€body(k),t;#t;

kebb(ti,y)
Z Q(Chy, # nonely) +
k,body(k)[y]=true,t; body(k)
> Q(Chy, # nonely)

k,body(k)[y]=false,t; Ebody(k)
and § = log0 (e.g. 6 = —/10),

Proof.

Olog Zcm(i,y,y) _
O
1 Z (1—7) log Q(ch})+~EP(ch},y) a((
Zen(i,y,7)

— ) log Q(ch}) + yEP(ch},y))
oy N

- (ch})' =7 BF(Chiv) (—log Q(ch)) + EP(ch,,y)) =
. ZQ (~ log Q(eh) + EE(ch, )

Z Q(ch; \y)(E]P’(Chéa y) —log Q(chy)) =
ch,
Eq(chi |y [EP(chi, y) —log Q(ch;)]
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0Cen (@) _ 105 (chy) + EB(chiry) — Eoyten oy [EP(chlr y) — log Q(ch)]

oy
dlog Zx(iry,7) _
o
1 Z (1) log Q(t})+~ER (1} v) (1 =) log Q(#) + VEP(t;,y)) _
Zr(i,y,7) % 9y
1 _ ’ /
———— Q) eV (—log Q(t)) + EP(t],y)) =
ZT(ZayaﬂY) tz, ( ) (
> Q|y)(EP(t, y) —log Q(t])) =

t;
Eqt,1y) [EP(ti,y) — log Q(t;)]

Psl@) _ 1og (1) + BP(1,1) ~ B [BP(t. ) ~ 108 QL)

Let us now see how to compute EP(ch;,y)

EP(chi,y) = Eq(cH,T|ch:y)[log P(x[y], T, CH)| =

Z Q(Ch7t|6huy) Zlog GHDT(k):chk\pachk [y] + Zlog emj\pamj [y] + Zlog 9tk|Patk
k j i k

ch,ch[i]#ch;,t

Z Z Q(Chv t‘chh y) IOg GHD,,.(k)zchmpachk [y] +

k ch,chli]#ch;,t

Z Z Q(Cha t‘Chi, y) log owj \pamj [y] +

J ch,ch[i]#ch;,t

Z Z Q(Chat‘Chiay) log 0tk|F‘atk =

k ch,ch[i]#ch;,t

Z H Q(t] |y) 1Og HHDT(i):Chilpachi [y] +

tepa,,, t;€pac,,

> ). Qlchy,tlchi,y)log OHD, 1y =chilpa,,, (Y] +

k#i chy, tepa,,,

Z Z Q(pawj |Chia y) IOg ea:j |pawj [y} +

i pag,\{chi}

> Y. Qpaylchi,y)logby,pa, =

k pay, \{ch;}

> 11 Qlw)logbup, =chiipa,,, W] +

tepa,,, t;€pPa.y,

Z Z Q(Chk7t|chi7y) ]'Og GHDr(k):cthachk [y] +

k#i chy,t€pa,y,,

Z Z H Q(Chs |y) log 0@ |pamj [y] + Z Z Q(Ch’tk ‘Chia y) log gt;c|pat)C
J pa,, \{ch;} chs €pa,, ,5F£1 k pa;, \{ch;}
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So EP(ch;,y) can be computed without inference. Let us write EP(ch;,y) as
EP(Chiv y) = EPl (Chia y) + EPQ (y)

where

Z H Q(tj |y) IOg GHD,.(k)ZC}Lilpachk [y] +
oo I Qehidy)ioghspa, Il +

jep(d) pa,; \{chi} chs€pa, ,s#i

H Q(Chs|y)Q(t]|y) IOg 91{7 |paxj [y]

JEPp(i) pa;, \{chi}.t; chSEpamj 18F1

with p(i) = {j|ch; € pa,,} = values(ch;) \ {none} and values(ch;) is the set of values of ch;, and

EPs(y) =

Z Z Q(chg, t|ch;, y)log OHD, =chilpa.,, [y] +

k#i chy,tepa.y,,

ooy I[I  Qhdy)logbupa, W1+ D Qlchslchi,y)logbs, pa,

7€p(i) pa, \{ch;} chs €pa,, ) k pa;, \{ch;}

does not depend on ch;, so

EPy(chs,y) =

[T @y log OHD, iy=chilpa,,, [v]1{body(pa.y,) = true} +
tj€body (i)

Z H Q(tj|y)1{body(pa,y,,) = false,ch; # none}d +

tj GPaZhi tj epaghi

> > II  Qehdy)s+

Jj€P(i),x;[y]=true pa, \{chi},x; [y]Q’ual(pamj ) chSEPamj , 871

> > I[[  QChlyi+

JEp(i),a;ly=false pa, \{chi}zjlyl€val(pa, ) chicpa, | s#i

Z Z H Q(chs|ly)Q(T; = truely)d +

JEP(3),t;=true pa, \{chi},t; gval(patj) chSEpamj ,8F1

> > I Qehan)Q(T; = falsely)s

jep(i),t;=false pa;, \{chi},t; Eval(patj ) chsépay_,j E)

where body(i) is the body for rule i and body(i)[y] the portion of body restricted to X variables
taking the values x[y],

EP: (chi,y) =

[T Qly)10g0up, =chpa,,, W]1{body(i)y] = true} +
tj€body (i)
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5( S T @ilv{body(body(i)ly] = false, chi # none} +

tj epacThi tj epa;rhi

> > [T Qhdy +

Jj€p(i),x;[y]=true pa,, \{chi},z; [y]€val(pamj ) chsepal,j ,8F1

> > [ Qhly +

jen(i),a;lyl=False pa, \{ch:},z;[y]€val(pa, ) chs€pa,  s7i

> > [T  Qhdy)QT; = truely) +

jEP(i),tj=true pa;, \{chi},t; &val(patj ) chg €pa,; , 571

> > 1 Qhln( = falsely)>

jep(i),tj=false pa,, \{chi},t; Eval(patj) chsepal,j ,8F1
where § is used to approximate log0 (e.g. 6 = —10).

E]P)l (Chi, y) =

II  Qly)logbun,  =chipa,,, W1 {body(i)ly] = true} +
tj€body(r(i))

5( S I Qlyi{body(i)ly] = false,ch; # none} +

t; Epafhi t; Epag;”

> > I Qehly)iich #a;} +

j€P(i),x;[y]=true pa,, \{chi},x; [y}&val(pamj N\{ch;} chs Epawj ,SF#£1

> > [T Qehly) +

jEP(i),z;ly)=False pa, \{chi},z;lyl€val(pa, )\ {ch:} ch.€pa,  si

z z H Q(chs|y){ch; = x;[yl} +

jep(i),xz;[y]=rfalse pa,, \{ch;} chs €pa,; 571

> > [[  Qehly)Q(T; = truely)i{ch; # t;} +

JjEP(i),tj=true pa, \{chi},t; Qval(patj NA{ch:} chSEpazj ,8F#1

> > [T  QhdnQT; = faisely)) +

jep(i),tj=false pa, \{chi},t; Eval(patj \{ch;}) chs €pa,; , 571

> > [T Qhd)QT; = falsely)1{ch; = tj}> =

jep(i),tj=false pa,, \{ch;} chsepawj , 571

H Q(t;ly)log 01D, =chilpa,;, [y]1{body(i)[y] = true} +
tj€body(r(i))

(5( Z H Q(t]y)1{body(body(i)[y] = false,ch; # none} +

T
tjEPay,  ti€pag,,

> > [T Qhdyrich # ;) +

j€p(i),x;[y]=true pawj \{ch;},x; [y]eval(pawj N\A{ch;} chs Epamj ,SF#1

> > [T Qhly) +

jep(i),x;[y]=rfalse pa,; \{chi},x; [y]Eval(pamj N\A{chi} chSEpamj ,8F1
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Z {ch; = z;[y]} +

jep(i),z;[yl=false
2 > [ Qehln)Q(T; = trucly)t{chs £ 1;} +

jep(i),tj=true pa,, \{chi}.t; &val(pati NA{chi} chsepawj ,8F1

> > I Qhly)QT; = falsely)) +

jep(i),tj=false pa; \{chi},t; Eval(patj \{chi}) chSEpan ,8F1

Z Q(T; = false|ly)1{ch; = tj}> =
jep(i),t;=false

[T Qv iogbun,  =chipa,, WI1{body(i)[y] = true} +
tj€body(r(i))

5( Z H Q(t;]y)1{body(i)[y] = false,ch; # none} +

T T
tj€pag, tj€pag,,

2 2, I Qehdly)fchi # =3 +

Jjep(i),x;[y]=true pa, \{chi},x; [y]eval(pamj N{ch;} chs Gpamj ,SF#£1

> > [T Qhly +

j€p(i),xz;[y]=rfalse pa,, \{chi},x; [y]EUal(pazj N\{chi} chs Epazj ,8F1

3 > [I  Qehdy)QT; = truely)1{chi # t;} +

JEP(3),tj=true pa, \{chi},t; Qval(patj N{ch;} chs €pa,, ,8F1

Il QChdyQT; = falsely)) +

jep(i)tj=false pa, \{ch:}.t;€val(pa, \{chi}) chs€pa, 571

H{ch; = z;[y], val(ch;)[y] = false} +

Q(T; = false|ly)l{ch; = tj,val(ch;) =t; = false})

Let
E]P)/(Chia y) =
I[I Qv iogbun, \ =chipa,,, WI1{body(D)[y] = true} +
tj€body(r(i))
5( Z H Q(tj]y)1{body(body(i)[y] = false,ch; # none} +
t;epal t;epal,

chy

> > [T Qhdyi{ch # 2} +

jEp(i).a; ly)=true pa, \{ch.}.z, [1]Zval(pa, )\ {ch:} ch.€pa,  s#i
3 5 [I  Qehdn@( = truclyich, #1,} +
jEP(i),tj=true pa,, \{chi},t; €val(patj N\A{ch;:} chSEPay_,j E)

{ch; = z;[y], val(ch;)[y] = false} +

chy;

Q(T; = false|ly)l{ch; = tj,val(ch;) =t; = false})
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and
EPs5(y)

:Z > [T Qhdly +

jen(i),ajlyl=False pa, \{chi},z;[y]€val(pa, )\ {ch:} che€pa,  s#i
II Qhdn)QT; = falsely))

jep(i),tj=false pa, \{ch;}.t; Eval(patj \{ch;}) chs €pa,; ,8F1

where EP3(y) does not depend on ch;, then EP(ch;, y) = EP'(ch;, y)+EPy (y)+EP3(y) = EP' (ch;, y)+
EP” () and EP”(y) does not depend on ch.

EP'(ch;,y) =
I[I QW iogbun, \=cipa,,, WI1{body(@)ly] = true} +

tj€body(r(i))

5( Z H Q(t;|y)1{body(body(i)[y] = false,ch; # none} +

T T
tjEpachi tjepachi

> > I[I  Qhdy)t{ch #=;} +

JEp(i),5 ly)=true pa, \{chi}.o; [y]gval(pa, )\{chi} chicpa,  .s#i
3 > [I  Qehdy)QT; = truely)1{chi # t;} +
jep(i),tj=true pa,, \{chi},t; Eval(patj N\{chi} chs €pa, ,8F1

Hchi = z;[y], val(chs)[y] = false} +
Q(T; = falsely)l{ch; = tj,val(ch;) = t; = false}) =

[T Qv Ioglun, \ =chipa,,, [WI1{body(D)ly] = true} +
tj€body(r(i))

5( Z H Q(t;]y)1{body(i)[y] = false,ch; # none} +

T T
tj€pag, tj€pag,,

S 11 3 Qehaly)1{chi # z;} +

Jj€P(i),x;[y]=true chSEpazj , 571 pa,, \{chi},x; [y]&val(pazj NA{chi}

> 11 > Q(chs|y) QT = truely)l{chi # t;} +

JjEP(i),tj=true chsepatj ,8#£1 pa;; \{chi},t; Qval(patj N\{chi}

{ch; = z;[y],val(ch;)[y] = false} +
Q(T; = false|ly)l{ch; = tj,val(ch;) =t; = false}) =

I[I Qv Iogbun, \=cnipa,,, WI1{body(i)ly] = true} +
tj€body(r(i))

5( Z H Q(t;ly)1{body(i)[y] = false,ch; # none} +

t; Epa;rhi tj Epag‘hi

> [I  Qchs #alylly) +

3€p(i),z;[yl=true,chiFx;y] chs€pa, ,s7i
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> [T  Qhs # tlv)QT; = truely) +

jep(i),tj=true,ch;#t; chs Epati ,SF1

{ch; = z;[y],val(ch;)[y] = false} +

Q(T; = false|ly)l{ch; = tj,val(ch;) =t; = false})

Let
R(i,ch,y) =
> I[I  Qchs #zlylly) +
Jj€P(i),x;[y|=true,ch;#x;[y] chSEpamJ_ ,8F£1
> [T Qehs # t19)QT; = truely)
jEp(i),tj=true,ch; #t; chs€patj e
then
EP/(Chh y) =
H Q(tj1y) 108 0D, 1 =chi|pa.,, [V]1{body(i)[y] = true} +
tj€body(r(i))
> II @Qlw1{vody(body(i)ly) = false,ch; # none} +
t_,»epa;rhi tj epa-crh,i
R(i,ch,y) + 1{ch; = x;[y],val(ch;)[y] = false} +
Q(T; = falsely)l{ch; = t;,val(ch;) =t; = false})
So

aGchi,y(Qv ’7) —
Oy
—log Q(ch;) + EP'(ch;,
—log Q(ch;) + EP'(ch;,
h

—logQ(c

Let us now see how to compute

) + ]EP”( EQ(ch/|y) [EP (Chl, y) + EPH( ) log Q(Ch;)]
) +EP"(y) — EP"(y) — Eqens ) [EP'(chi, y) — log Q(ch;)]
i) + EP'(chi, y) — Eqen: |y [EP' (chi, y) — log Q(ch})]
E

P(ti,y)

EqcH, Tt ) [log P(x[y], T,CH)| =

Z Q(ch,t|ti,y)( Z log GHDT(,C):chk\pachk + Z log GHDr(i):ChHPachk +

ch,t\t; keb(ti,y,x[y].t) kgb(t;,y,x[y],t)
Z 1Og 9‘”1 \pa + Z 1Og 9tk \patk + log 9ti|pati ) =
k#i

Z Z Q(ch,t|t;,y log@HDr(k) =chy|pa,,, T
kEbb(ts,y) ch,t\t;

Z Z Ch t|t“y 10g9HDT(> =chk|pacy, +
k@bb(t;,y) ch,t#t;

Z Z Q(ch, t|t;,y) logﬁmpa —l—Z Z Q(ch, t|t;,y) logetk\pa, +

J cht#t; k#i ch,t#t;
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> Q(ch, tlts,y) log by, jpa, =

ch,t\t;
Z Z Q(chk|y) Z H Q(tj |y) log aHDr(k):Chklpachk +
kebb(ti,y) chx tebody(k),t#t; t; €body(k) t; #t;
Z Z Q(chyly) Z H Q(t;1y)10g 0D, ;) =chrlpa,,, +
kgbb(t:,y) chx tebody (k) tt; t; €body(k) t;#t;
D Qpa, [y)loglpa, + > QPay[y)108 0k pa, + Y Q(Pay[y)10g b, pa,,
J pag; ki Pay, pay;

where bb(t;,y) = {k|body(k)[y] = true,t; € body(k)}.
So EP(t;,y) can be computed without inference.

EP(t;,y) = EP:i(t;,y) + EP2(y)
where EPs(y) is

EPy(y) =) Z Qpay, 9) 1080, 1pa, + D D QPay,[y) 1086, pa,,

J pa,, k#i pag,
and does not depend on t;, and

P1(tiy) =
Z Z (chi|y) H Q(tj|y) log GHDT(k):Chk\Pachk +

tebody(k),t#t; t;€body(k),t;#t;

Z Z chk|y) Z H Q(tj|y) log GHDT(i):Chk‘pachk +
Zbb(t chy,

tebody(k),t#t; t;€body(k),t;#t;

?s‘

Z (pati |y) log eti|pati =

S
Z Z Q(Chk |y) Z H Q(tj |y) log GHDT(k):Chk \Pach,k +
kebb(ts,y) chi tebody(k),t#t; t; €body(k),t;#t;
Z Z Q(Chk- |y) Z H Q(tj ‘y) IOg OHDr(i)ZChklpachk +
kgbb(t;,y),T;€body (k) chy tebody(k),t#t; t;€body(k),t;#t;
Z Z Q(chyly) Z H Qtjly)logbup, i =chvlpa,,, +
k@bb(t;,y),T; gbody(k) chy tebody(k),t#t; t; €body(k),t;#ts
> Q(pay, |y) log by, pa,,
S

EP; (t;,y) can be written as
EP: (t;, y) = EP'(t:,) + EPs(y)

where EP3(y) is
EPs3(y) =

> > Qchkly) Y 11 Q(tj1y) 108 O, i =chyIpa,.,,

k@bb(ti,y),T; @body(k) chr tebody (k) t#t; t; €body (k) t; £t
and it does not depend on ¢; and

]EP, (ti, y) =
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S > Qhkly) > 11 Qtjly)logbup, .\ =chvlpa,,, +

kEbb(ts,y) chu tebody(k),t£t; t; Ebody(k),t %t

Z ZQ(Chk\y) Z H Q(t;1y) 108 0D,y =chrlpa.,, T

k&bb(t;,y),T;€body(k) chi tebody(k),t#t; t;€body(k),t;7#t;

IOg 9t ‘Paf =

pa;,

Z Z Chk|y H Q(tj|y) lOg QHDT(M:chk\true +

kebb(t;,y) chip#none tjebody(k),t;#t;

> Q(Chy=mnonely)  J[ Qs+

kebb(ti,y) t; Ebody (k) t;7#ti

YooY Qemly- I Qly)s+

kebb(t;,y) chiy#none tjebody(k),t;#t;

> STQchily) Y I[I  Qlyiogtun, =chiipa.,, +

k&bb(t;,y),Ti€body(k) chi tebody(k),t#t; t;€body(k),t;#t;

> I Qchdy)1{t; = true}s +

pa;, T Qpati chs €pa,,

S JI Qehdy)iit = false}s =

pa,, T’Epat_ chg €pay,

Z Z Chk|y H Q(t] |y) IOg oHDr(k):chk [true +

kebb(t;,y) chr#none t;€body(k),tj#t;

> Q(Chp=nonely) ] Qv+

kEbb(t:y) t; €body(k) .t 7t

Y. QChy#nonely)1—  J[  Qly)s+

kebb(ti.y) t;€body(k).t; #t:

Z Q(Chy, # nonely)d +

k,body(k)[y]=true,t; body (k)

Z Q(Chy, # nonely)d +

k,body(k)[y]=false,t;Ebody(k)

H Q(Chs # t;ly)1{t; = true}d +

ChSEpa,,i

1- J] QChs#tily) | 1{t: = false}s =

Chs€pa,,
Z Z Q(Chk |y) H Q(tj |y) log GHD,,,(k):chk [true +
kebb(t;,y) chiy#none tj€body(k),t;#t;
5( > QChi=nonely) ] Qv+
kebb(ti,y) tj€body(k),t;#t;
Y. QChi#nonely) |1- [ Qly) | +
kebb(ti,y) tjcbody(k),t;#t;
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Z Q(Chy, # nonely) +

k,body(k)[y]|=true,t; €body(k)

Z Q(Chy, # nonely) +

k,body(k)[y]=false,t; Ebody(k)

[ QChs# tily)1{t; = true} +

ChSEpati
1- H Q(Chs £ tily) | 1{t; = false})
ChSEpati
Let
S(it,y) =
> QChi=mnonely) J[ Qv+
kEbb(ts,y) b5 €body (k) t; £t
D> Q(Chy # nonely)(1 — 11 Qt;ly)) +
kebb(ti,y) t;ebody(k),t;#t;
Z Q(Chy, # nonely) +
k,body(k)[y]=true,t; €body (k)
Q(Chy, # nonely)

k,body(k)[y]=false,t;€body(k)

then
Epl(ti, y) =
Z Z Q(Chk|y) H Q(tj |y) IOg GHDT(k):chk [true +
kebb(t;,y) chy#none tj€body(k),tj#t;
ChSEpati
1- JI @QChs#tily)ift: = fal86}>
ChSEpati

So

8Gt,~,,y(Qa’Y) —_

2]

—log Q(t:) + EP'(ti,y) — Equr)y) [EP' (¢}, y) — log Q(t})]
Eqehi |y log Q(chi)] = > Q(chily) log Q(chy)

Chi

Eq, 1 log Q(t:)] = > Q(tily) log Q(t:)

23



4 Choice of the Step Size

Now that we have the optimization direction, we have to decide the size of the step to take.
Theorem 3 (Expression of Io(CH, T;Y)).

Io(CH, T;Y) =
> 3D T Q)Q(chily) (log Q(chily) — log Q(chy)) +

i ch; Y
ZZZQ Q(tily)(log Q(tily) — log Q(t:))
Proof.

Io(CH,T;Y) =
—ZEQ log Q(CH;)] ZEQ log Q(T, +Z1EQ log Q(C'H;|Y)] +Z1EQ log Q(Ti|Y)] =

_ZZQCh [¥)Q(y) log Q(ch;) ZZQHZJ y)log Q(t;) +

i chiy i tiy
> Qehily)Qw) log Qchaly) + > Y~ Q(t:ly)Q(y) log Q(t:ly) =
i chi,y ity
YD QW)Q(chily) log Q(chily) — Q(chily)Q(y) log Q(chi) +
i chy Yy

ZZZQ Q(t:ly) log Q(tily) — Qt:]y)Q(y) log Q(t;) =
ZZZQ Q(chily)(log Q(chily) — log Q(ch;)) +

i ch; Yy

ZZZQ Q(tily)(log Q(ti|y) — log Q(t:))

Theorem 4 (Derivatives of Io(CH, T;Y) with respect to Q(chi|yo) and Q(tio|yo))-

o = Qun)(0g Qlchualn) ~ og Q(ehin)
8I4(CH, T;Y)

9Q (toly0) = Q(yo)(log Q(tiolyo) — log Q(ti0))

Proof.

Olg(CH, T;Y)  0Eq[log Q(CH,)]| n OEq[log Q(CHilyo)]
9Q(chiolyo) 9Q(chiolyo) 9Q(chiolyo)
—Q(yo)(log Q(chio) + 1) + Q(yo)(log Q(chiolyo) + 1) =
Q(yo)(—log Q(chio) — 1 +log Q(chiolyo) + 1) =
Q(yo)(log Q(chiolyo) — log Q(chio))
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g(CH, T;Y)  0JEq[log Q(Ti)] | 9Eqllog Q(Tilyo)] _
9Q(tiolyo) 9Q(tiolyo) 9Q(tiolyo)
—Q(yo)(log Q(tio) + 1) + Q(yo)(log Q(tiolyo) + 1) =
Q(yo)(—log Q(tio) — 1 +log Q(tiolyo) + 1) =
Q(yo)(log Q(tiolyo) — log Q(tio))
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