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Abstract. Probabilistic Answer Set Programming (PASP) is a power-
ful formalism that allows to model uncertain scenarios with answer set
programs. One of the possible semantics for PASP is the credal seman-
tics, where a query is associated with a probability interval rather than a
sharp probability value. In this paper, we extend the learning from inter-
pretations task, usually considered for Probabilistic Logic Programming,
to PASP: the goal is, given a set of (partial) interpretations, to learn the
parameters of a PASP program such that the product of the lower bounds
of the probability intervals of the interpretations is maximized. Experi-
mental results show that the execution time of the algorithm is heavily
dependent on the number of parameters rather than on the number of
interpretations.

Keywords: Probabilistic Answer Set Programming · Parameter Learn-
ing · Statistical Relational Artificial Intelligence.

1 Introduction

Probabilistic Answer Set Programming (PASP) [8,20] extends the capabilities
of Answer Set Programming (ASP) [5] by introducing uncertain data repre-
sentable with probabilistic facts. In traditional semantics for Probabilistic Logic
Programming (PLP) [23], such as the Distribution Semantics [25], usually each
world has a total well-founded model and thus a single answer set [29]. In the
case of PASP, it is not guaranteed that every world has a unique answer set.
Thus, there are two layers that must be considered: the worlds, identified by the
choices made for the probabilistic facts, and the answer sets for every world. To
handle this, we adopt here the credal semantics [6], that associates every query
with a lower and upper probability bound, according to the number of models
where the query is satisfied for a given world.

Parameter learning is a central topic in the field of Statistical Relational
Artificial Intelligence (StarAI) [22]. Given a set of examples, the goal is to find
a probability assignment to probabilistic facts such that the likelihood of the



2 Damiano Azzolini et al.

examples is maximized. There are two main types of parameter learning tasks:
learning from interpretations and learning from entailment. Both have been ex-
tensively studied in the context of PLP [4,16,26] but none of these algorithms
works for PASP under the credal semantics.

In this paper, we adapt the learning from interpretations setting described
in [16] and propose the first algorithm to perform parameter learning (learning
the probabilities of probabilistic facts) in PASP: given a set of interpretations
and a PASP program with unknown parameters, the goal is to set the values of
the parameters such that the products of the lower probabilities of the interpre-
tations is maximized.

The paper is structured as follows: in Section 2 we review some background
concepts, in Section 3 we introduce our algorithm for parameter learning, that is
tested in Section 4. Section 5 discusses some related work and Section 6 concludes
the paper.

2 Background

We assume the reader is familiar with the basic concepts of Logic Programming,
such as atoms, literal, clauses, etc. For a book on the topic see [19].

2.1 Answer Set Programming

In addition to the basic elements of Logic Programming, ASP also allows the
definition of aggregate atoms [1] with the syntax g0 ◦0#f{e1; . . . ; en}◦1 g1 where
g0 and g1 can be either constants or variables, f is an aggregate function symbol,
and ◦0 and ◦1 are arithmetic comparison operators (that may be omitted). Every
ei has the structure t1, . . . , tl : E where E is a conjunction of literals and every
ti is a term with variables appearing in E. There are several aggregate function
symbols, such as count or sum.

A disjunctive rule, or simply rule for short, is a rule with multiple heads, i.e.,

h1; . . . ;hm︸ ︷︷ ︸
head

← b1, . . . , bn︸ ︷︷ ︸
body

.

where each hi is an atom and each bi is a literal. While describing actual code,
← is usually replaced with :-. The meaning is: “if all the literals in the body
are true, then one of the heads hi is true”. We consider here only rules where
variables in the head also appear in a positive literal in the body: these are
called safe rules. An integrity constraint is a rule with no atoms in the head, a
fact is a rule with only one atom in the head and no literals in the body. An
answer set program is a set of rules. A rule is called ground when it does not
contain variables. If a rule is not ground, we can ground it through a process
called grounding that consists in replacing all the variables with constants in the
program in all possible ways.

To illustrate the semantics of answer set programs, we need to introduce
some additional concepts. The Herbrand base (BP ) of an answer set program
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P is the set of all ground atoms that can be constructed using the symbols in
the program. An interpretation I for P is such that I ⊆ BP and it satisfies a
ground rule if at least one head atom is true in it when every literal in the body
is true in it. An interpretation that satisfies all the groundings of all the rules
of P is named model. Given a ground program Pg and an interpretation I, if we
remove from Pg the rules in which a literal in the body is false in I we obtain
the reduct [12] of Pg with respect to I. Finally, an answer set I for a program P
is a minimal model (in terms of set inclusion) of the reduct of Pg with respect
to I. With AS(P ) we denote the set of all the answer sets of P .

Consider the following example:

0{noise }1.
0{tired }1.
angry ; relaxed:- tired.
angry:- noise.

This program has 5 answer sets: {}, {relaxed,tired}, {angry,tired}, {angry,
noise}, {angry,noise,tired}. The cautious consequences, i.e., the set of atoms
that are present in every answer set, form an empty set, and the solutions pro-
jected [14] on the noise/0 and tired/0 atoms are {}, {noise}, {tired} and
{noise,tired}.

2.2 Probabilistic Logic Programming

Following the ProbLog [11] syntax, Probabilistic Logic Programming [10,23] al-
lows the definition of probabilistic facts of the form

Π :: f

where f is an atom and Π ∈]0, 1] is its probability. Intuitively, f is true with
probability Π and it is false with probability 1 − Π. If we consider the Dis-
tribution Semantics [25], an atomic choice indicates whether a grounding for a
probabilistic fact f , denoted with fθ is selected or not. A set of atomic choices
is called composite choice and if it contains an atomic choice for every ground-
ing of every probabilistic fact is called total composite choice or selection. The
probability of a composite choice κ is computed as:

P (κ) =
∏

(fi,θ,1)∈κ︸ ︷︷ ︸
selected

Πi ·
∏

(fi,θ,0)∈κ︸ ︷︷ ︸
not selected

(1−Πi) (1)

where with (fi, θ, 1) we indicate that the grounding θ of fi is selected and with
(fi, θ, 0) that it is not. We consider here only consistent sets of atomic choices,
i.e., if (fi, θ, 0) ∈ κ then (fi, θ, 1) ̸∈ κ and vice versa. A selection identifies a logic
program called world composed by the rules of the program and the selected
probabilistic facts. The probability of a world, P (w), is given by the probability
of the correspondent selection. The probabilities of all the worlds sum up to 1.
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A query is a conjunction of ground literals, and its probability can be computed
with the formula:

P (q) =
∑
w|=q

P (w) (2)

For example, if we consider the program

0.2:: noise.
0.6:: tired.
angry:- noise.
angry:- tired.

there are 2 probabilistic facts, noise and tired that identify 22 = 4 worlds: w1

where both probabilistic facts are false, with P (w) = (1− 0.2) · (1− 0.6) = 0.32,
w2 where noise is true and tired is false, with P (w2) = 0.2 ·(1−0.6) = 0.08, w3

where noise is false and tired is true, with P (w3) = (1−0.2)·0.6 = 0.48, and w4

where both noise and tired are true, with P (w4) = 0.2 · 0.6 = 0.12. Note that
P (w1)+P (w2)+P (w3)+P (w4) = 0.32+0.08+0.48+0.12 = 1. If we are interested
in the probability of the query q = angry, P (q) = P (w2) + P (w3) + P (w4) =
0.08+0.48+0.12 = 0.68. For this example, every world has a unique answer set.
However, if we consider an ASP program extended with probabilistic facts, this
usually does not hold, and other semantics must be adopted.

2.3 Credal Semantics

As previously discussed, with the Distribution Semantics we can manage only
programs with a unique answer set for every world. If this does not hold, we need
to consider an alternative semantics, such as the credal semantics [6]. Under this
semantics, a query q has a lower probability P(q) and an upper probability
P(q), and thus is associated with a probability interval. A world contributes to
the lower probability if the query is true in every answer set and contributes
to the upper probability if the query is true in at least one answer set. Thus
P(q) ≥ P(q). In formulas:

P(q) =
∑

wi|∃m∈AS(wi), m|=q︸ ︷︷ ︸
query true in at least one answer set

P (wi) (3)

P(q) =
∑

wi||AS(wi)|>0∧∀m∈AS(wi), m|=q︸ ︷︷ ︸
query true in every answer set

P (wi) (4)

Note that the credal semantics [6] is defined only for programs where all the
worlds have at least one answer set. In fact, if a world w had no answer sets, P (w)
would neither contribute to the probability of the query nor to the probability of
the negation of the query. If this happened, P(q) + P(¬q) < 1, and there would
be a loss of probability mass (with ¬q we indicate the query not q, adopting
negation as failure).
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Example 1 (Smokers). Consider the following example, adapted from [16].

smokes(Y) ; not_smokes(Y):- smokes(X), friend(X,Y).

:- #count{Y,X:smokes(X),friend(X,Y)} = F,
#count{Y,X:smokes(X),friend(X,Y),smokes(Y)} = SF ,
10*SF < 4*F.

smokes(a).
smokes(c).
smokes(e).

The first disjunctive rule states that a person can either smoke or not smoke
if he/she is a friend with a person that smokes. The constraint imposes that
at least in the 40% of the pairs person-friend the friend smokes. Finally, we
know for certain that a, c, and e smoke. Suppose that there are the following 5
probabilistic facts

0.5:: friend(a,b).
0.5:: friend(b,c).
0.5:: friend(c,e).
0.5:: friend(b,d).
0.5:: friend(d,e).

With these values, the probability of the query smokes(b) lies in the range
[0.25, 0.5].

Also conditional queries are described by a lower and an upper probability
bound: the upper conditional probability for a query q given evidence e is given
by [7]

P(q | e) = P(q, e)

P(q, e) + P(¬q, e)
(5)

If P(q, e) + P(¬q, e) = 0 and P(¬q, e) > 0, P(q | e) = 0. This value is undefined
if both P(q, e) and P(¬q, e) are 0.

Similarly, the formula for the lower conditional probability is

P(q | e) = P(q, e)

P(q, e) + P(¬q, e)
(6)

If P(q, e) + P(¬q, e) = 0 and P(q, e) > 0, P(q | e) = 1. As before, this value is
undefined if both P(q, e) and P(¬q, e) are 0.

3 Parameter Learning in PASP

To learn the parameters of PASP programs, we adapt the learning from inter-
pretations settings described in [16].
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A partial interpretation I = ⟨I+, I−⟩ is such that I+ is the set of atoms that
should be considered true and I− is the set of atoms that should be considered
false. A partial interpretation specifies the truth value of only some atoms. In [16],
the authors define the probability of an interpretation I, P (I), as the probability
of the query qI =

∧
i+∈I+ i+

∧
i−∈I− not i−. We call qI interpretation query.

Here we consider probabilistic answer set programs under the credal seman-
tics so the probability of an interpretation is associated with a probability in-
terval rather than a sharp probability value, since a world may have more than
one answer set. Given a PASP program P(Π), where Π is the set of parameters
that can be tuned, the lower probability of an interpretation I, P(I | P(Π))
is the sum of the probabilities of the worlds w ∈ P(Π) where all the literals
of the interpretation query qI are true (i.e., the interpretation query is true) in
all the answer sets of w. Similarly, the upper probability of an interpretation I,
P(I | P(Π)), is the sum of the probabilities of the worlds w ∈ P(Π) where the
interpretation query qI is true in at least one answer set of w. In formulas:

P(I | P(Π)) =
∑

w∈P(Π) | ∃m∈AS(w), m|=I

P (w) (7)

P(I | P(Π)) =
∑

w∈P(Π) | ∀m∈AS(w), m|=I

P (w) (8)

For example, if we consider the program shown in Example 1 with the probabil-
ities of all the probabilistic facts set to 0.5, the partial interpretation
I = ⟨{smokes(b),smokes(c)},{smokes(d)}⟩ has lower probability 0.125 and
upper probability 0.5. This is computed by asking the query
smokes(b),smokes(c), not smokes(d).

To compute the parameters of a PASP program with partial interpretations,
we adapt the algorithm presented in [16]. Here we consider a PASP program and
a set of ground probabilistic facts of the form Π :: f whose probabilities can be
learned.

Definition 1 (Parameter Learning in probabilistic answer set programs).
Given a PASP P(Π) with a set of ground probabilistic facts fi whose probabil-
ities Πi can be learned, and a set of (partial) interpretations I, the goal is to
find a probability assignment to the probabilistic facts such that the product of
the lower probabilities of the partial interpretations is maximized, i.e., solve:

Π∗ = argmaxΠ P(I | P(Π)) = argmaxΠ
∏
I∈I

P(I | P(Π)) (9)

This is equivalent to maximize the sum of the log likelihood of the interpretations:

Π∗ = argmaxΠ log(P(I | P(Π))) = argmaxΠ
∑
I∈I

log(P(I | P(Π))) (10)

To solve the parameter learning problem, we consider a scenario with partial
observability, i.e., some atoms may be not observed, and adopt the Expectation
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Maximization (EM) algorithm. The EM process consists in finding the expected
value of the probabilistic facts given the interpretations and then updating the
probability values accordingly. Since we consider ground probabilistic facts, in
the expectation step we need to compute, for each probabilistic fact fj ,

E[fjk] =

| I |∑
i=1

P(fjk | Ii) (11)

where in fik k ∈ {0, 1} indicates whether it is true or false. In the maximization
step each parameter Πi is updated as

Πj =
E[fj1]

E[fj0] + E[fj1]
=

∑| I |
i=1 P(fj = ⊤ | Ii)∑| I |

i=1 P(fj = ⊥ | Ii) + P(fj = ⊤ | Ii)
(12)

The whole pipeline is described in Algorithm 1. Function LearnParame-
tersPASP works as follows: first, we create two data structures (LLComputations
and CondComputations) to store the computations made during the main loop
of line 6. Both data structures, initially empty, will contain the worlds and the
probabilities for the ones involved in the computation of the lower probability
of the interpretations and of the probabilistic facts. The stored values depend
on the probabilities of the parameters: in this way, we can call only once the
ASP solver to compute the worlds, and simply update their probabilities when
the parameters of the program change. Before entering the EM cycle, we first
compute the log likelihood of all the examples using function ComputeLog-
Likelihood. Then, iteratively, as long as the log likelihood does not converge,
in the expectation step (line 8) we generate the query for the current interpre-
tation with the function GenerateInterpretationQuery and then compute
the conditional probability for every probabilistic fact fi, both negated (⊥, with
the query not fi) and not negated (⊤, with the query fi), given the current inter-
pretation. The computation of the conditional probability is either performed by
calling the solver (function ComputeConditionalProbability, needed only
for the first iteration) or by retrieving the values from the CondComputations
data structure. In the maximization step (line 23) we update the parameters of
the probabilistic facts according to Equation 12 and update the values for the
stored computations (line 26). The algorithm can be straightforwardly adapted
to find the parameters that maximize the upper probability (that may not co-
incide).

To compute the lower (and upper) probability of a query (function Com-
puteLowerProbability [2]), we first translate every ground probabilistic fact
Π :: f into an ASP rule 0{f}1. The probability is stored in a data structure.
First, we check whether there are some probabilistic facts that must always
be true by computing the cautious consequences of the ASP program plus the
probabilistic facts converted as previously described. These facts constitute the
minimal set of probabilistic facts (that may be empty). This is possible because
every world has at least one answer set. Then, we add every element of this set
to the initial program as a constraint, i.e., if an atom a is in this set, we add



8 Damiano Azzolini et al.

the constraint :- not a. Finally, to obtain the probability interval of a query,
we consider the program composed of the ASP program plus the converted
probabilistic facts, the inserted constraints, and two additional rules of the form
query:- q and not_query:- not q, and project the solutions on the probabilis-
tic facts and the query and not_query atoms. We then analyse all the solutions
and identify every world, evaluate the probability, and update the lower (and
upper) probability bound according to the number of associated answer sets. In
case of conditional queries with evidence e (function ComputeConditional-
Probability), the process remains almost the same, but we add two additional
rules, evidence:- e and not_evidence:- not e and project the solutions also
on the evidence and not_evidence atoms. This process avoids the generations
of all the answer sets for every world, as happens in [28], but is still exponential
in the number of worlds.

4 Experiments

We ran several experiments on a computer with Intel® Xeon® E5-2630v3 run-
ning at 2.40 GHz. For all the experiments, 60% of the dataset is used as a training
set and the remaining 40% is used as a test set4. The initial value for all the facts
whose probabilities can be learned is set to 0.5 and ϵ of Algorithm 1 is set to
10−5. We used clingo as ASP solver [13] and Python as programming language.

The first dataset (smoke) contains programs with the structure shown in Ex-
ample 1. We ran the experiments by increasing both the number of smokers and
the number of interpretations. The interpretations are generated by running the
ASP version of the program (with the probabilistic facts converted as previously
described) and extracting the smoke/1 and friend/2 atoms (or their negation if
they are not present) from a random answer set. The number of atoms of every
interpretation randomly ranges between 1 and the total number of atoms of the
selected answer set. In a first experiment, we fix the number of parameters to 5
(smoke5 ) and increase the number of interpretations. Results are shown in Fig-
ure 1a, where the execution time seems to scale almost linearly by increasing the
number of interpretations. We then analyse how the number of parameters in-
fluences the execution time. Results are shown in Figure 2b, where the execution
time increases exponentially by increasing the number of parameters.

The second dataset (shop, adapted from [24]) encodes a scenario where some
person can buy some products. There are 4 instances of this dataset, with 4
(shop4 ), 8 (shop8 ), 10 (shop10 ), and 12 (shop12 ) people each. There is a dis-
junctive rule for each person. The dataset shop4 has the following structure:

shops(a). shops(b).
shops(c). shops(d).
bought(spaghetti ,a) ; bought(steak ,a) :- shops(a).
bought(spaghetti ,b) ; bought(beans ,b) :- shops(b).
bought(tomato ,c) ; bought(onions ,c) :- shops(c).

4 Source code and datasets available at https://github.com/damianoazzolini/pasta

https://github.com/damianoazzolini/pasta


Learning the Parameters of Probabilistic Answer Set Programs 9

Algorithm 1 Function LearnParametersPASP: learning the parameters of
a PASP program P(Π) from interpretations I.
1: function LearnParametersPASP(P(Π), I)
2: LL0 ← −∞
3: LLComputations ← ∅
4: CondComputations ← ∅
5: LL1 ← ComputeLogLikelihood(P(Π), I,LLComputations)
6: while LL1 − LL0 > ϵ do
7: LL0 ← LL1

8: for all fi ∈ P(Π) do ▷ Expectation.
9: lp⊤

fi
← 0, lp⊥

fi
← 0

10: for all I ∈ I do
11: if (I, fi) ∈ CondComputations then ▷ Computation steps already stored.
12: lp⊥

fi
← lp⊥

fi
+ CondComputations[I, fi].f

13: lp⊤
fi
← lp⊤

fi
+ CondComputations[I, fi].t

14: else
15: evidence ← GenerateInterpretationQuery(I)
16: lp⊥′

fi
← ComputeConditionalProbability(not fi,evidence)

17: lp⊥
fi
← lp⊥

fi
+ lp⊥′

fi

18: lp⊤′
fi
← ComputeConditionalProbability(fi,evidence)

19: lp⊤
fi
← lp⊤

fi
+ lp⊤′

fi

20: end if
21: end for
22: end for
23: for all fi ∈ P(Π) do ▷ Maximization.

24: Πi ←
lp⊤fi

lp⊤
fi

+lp⊥
fi

25: end for
26: UpdateCondComputations(Π, I,CondComputations)
27: LL1 ← ComputeLogLikelihood(P(Π), I)
28: end while
29: end function
30: function ComputeLogLikelihood(P(Π), I,LLComputations)
31: LogPint ← 0
32: for all I ∈ I do
33: if I ∈ LLComputations then ▷ Computation steps already stored.
34: LogPint ← LogPint + LLComputations[I]
35: else
36: LP ← ComputeLowerProbability(I | P(Π))
37: LogPint ← LogPint + log(LP)
38: LLComputations[I]← log(LP)
39: end if
40: end for
41: return LogPint

42: end function
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bought(steak ,d) ; bought(onions ,d) :- shops(d).

cs(C):-
#count{X : bought(spaghetti ,X)} = C0 ,
#count{X : bought(onions ,X)} = C1,
C = C0 + C1.

ce(C):- #count{X,Y : bought(Y,X)} = C.

:- cs(S), ce(C), 10*S < 4*C.

The shops/1 facts are probabilistic, and their probabilities must be learned.
The constraint states that at least 40% of the buying actions involve spaghetti
or onions. The dataset shop8 has four additional disjunctive rules with 3 possible
heads, the dataset shop10 has 2 additional rules with respect to shop8 with 4
possible heads, the dataset shop12 has 2 additional rules with respect to shop10
with 5 possible heads. The generation of the interpretations follows the same
pattern used for the smoke dataset. However, we consider only the first n/2
disjunctive rules during this process, where n is the size of the instance. Figure 1a
and 1b show that, by increasing the number of involved people and the number
of interpretations, the overhead of execution time becomes substantial. It is
interesting to note that, even if shop4 has one less parameter than smoke5, the
computations time are comparable: this may be due to an increasing number
of answer sets that must be computed for every interpretation for the shop4
instance. For this dataset, we also tested how the log likelihood varies during
the learning process by fixing the interpretations to 125. Figure 2a shows that
after a few iterations the log likelihood has almost reached its maximum value.
shop8 and shop10 seem to be faster than shop4 and shop12 (whose plots are
almost identical, even thus shop4 requires some more iterations to fully converge
with the given ϵ). Finally, we plotted the number of iterations needed to converge
for the shop4 and shop8 instances up to 800 interpretations. Figure 3 shows that
shop4 seems to require more iterations to converge. This is may be due to the
structure of the program, since it has less parameters to tweak. Overall, the main
limitation of the algorithm is that, by increasing the number of parameters and
probabilistic facts, the execution time increase exponentially, since the inference
task is exponential in the number of parameters. This may seem unavoidable
given the expressiveness of the ASP syntax. By limiting the possible types of
rules, it will be maybe possible to leverage knowledge compilation [9] to represent
the program and the answer sets in more compact forms where inference can be
performed faster. This is a possible direction for a future work.

5 Related Work

Most of the related work involves parameter learning in PLP. One of the first
approaches to learn the parameters of a probabilistic logic program can be found
in [25], where the authors propose a learning algorithm based on Expectation
Maximization that starts from a set of positive and negative examples (ground
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Fig. 1: Variation of the execution time by increasing the number of interpreta-
tions.
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Fig. 2: Results for the shop and smoke experiments.

atoms). This has been later extended in [26]. LeProbLog [15] is another ap-
proach to learn the parameters of a probabilistic logic program that starts from
a series of examples annotated with a probability and uses gradient descent.
In this setting, the goal is to learn the parameters such that the probabilities
of the examples are as close as possible to the ones provided. EMBLEM [4] is
another algorithm that adopts EM to learn the parameters of logic programs
with annotated disjunction [30]. LFI-ProbLog [16] is one of the first algorithms
to perform parameter learning given a set of interpretations, and it has been al-
ready discussed in this paper. The authors of [17] propose an algorithm to learn
the parameters of an extended PRISM [25] program, i.e., a probabilistic logic
program that also allows continuous random variables, and the authors of [3]
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Fig. 3: Number of iterations until convergence for the shop4 and shop8 instances.

introduce an algorithm to learn the parameters of some facts in the programs
given some constraints involving their probabilities. In [27] the authors propose
SMProbLog, a framework that extends the system (and language) ProbLog [11]
and the Distribution Semantics to manage worlds with multiple models. With
their system, it is possible to compute the probability of a query (that is a sharp
value) by dividing the probability of every world by the number of models.
Differently from them, we adopt the credal semantics and associate a proba-
bility range rather than a probability value to a query. Moreover, they use the
ProbLog syntax while we support the ASP syntax, so all the possible types of
rules and constraints described in the previous sections. Few systems allow pa-
rameter learning in ASP: LPMLN [18] is an extension to ASP that allows the
representation of weighted rules that also include an algorithm for parameter
learning, but it does not adopt the credal semantics. PrASP [21] is similar and
also does not use the credal semantics. Some recent work also combine proba-
bilistic ASP with neural networks, such as NeurASP [31], but with a different
semantics.

6 Conclusions

In this paper, we proposed the first algorithm to perform learning from interpre-
tations in Probabilistic Answer Set Programming under the credal semantics.
The goal is, given a set of interpretations, to maximize the product of the lower
probabilities of the interpretations by tweaking the parameters of the program.
We tested the algorithm on two different datasets and showed how the algo-
rithm scales by increasing the number of interpretations and parameters. As
future work we plan to develop approximate algorithms for the inference part to
scale this approach on real world datasets.
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