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1 Application of IB to LPAD Learning

In order to apply IB to LPADs, the network G,,; is the result of the translation of the LPAD
for which we want to learn the parameters plus the addition of the Y variable. The set of hidden
variables contains the vector of the choice variables CH plus those atoms that are unobserved in
the data, let us call them T. With X we indicate the set of atom variables that are observed in the
data.

Suppose you want to learn the parameters of an LPAD using IB. Consider the LPAD L:

ri=x1:04Vvz2:0.3.

ro =22:0.1Vz3:0.2.

rg =ax4:0.6Vz5:0.4+ x1.

rqg =a5:04 ¢ x2,23.

rs =26 :0.3Vz7:0.2 + 22, 25.
The Bayesian network equivalent to L is shown in Figure 1. In order to apply IB to LPADs, the

Fig. 1. Bayesian network

network G, is the result of the translation of the LPAD for which we want to learn the parameters
plus the addition of the Y variable. The set of hidden variables contains the vector of the choice
variables CH plus those atoms that are unobserved in the data, let us call them T. With X we
indicate the set of atom variables that are observed in the data.

For the G;,, network, we consider a naive Bayes factorization:

Q(CH,T|Y) = HQ(CHAY) HQ(TjIY)-



Fig. 2. Gin = Q (left) and Gour = P (right)

In G,ut, the choice variables are the only parents of Y. In fact, given the choice variables, the X
variables are uniquely determined, and so is the instance identity (assuming there are no duplicate
examples, but this can be modeled by assigning them a different prior probability Q(Y)).

Consider the LPAD L. Moreover, suppose that x5 is unseen in the data. The networks G;,, and
Gout for this LPAD are shown in Figure 2. According to IB, the chosen @ distribution must be such
that unobserved variables are independent of observed ones given Y. This requirement is satisfied
by G, in Figure 2. As regards P, CH and T must be the only parents of Y. This requirement is
also satisfied by G,q+: in fact, the observed variables are completely determined by knowing CH and
T and so it the instance identity.

Note that for the network to be well defined the LPAD must be acyclic.

A ground normal logic program is acyclic [1] if the ground atoms can be assigned an integer level
so that the level of the atom in the head of each rule is higher than the level of each atom in the
body.

A disjunctive logic program is acyclic if the ground atoms can be assigned an integer level so
that the level of each the atom in the head of each rule is the same and it is higher than the level
of each atom in the body.

We can assign levels also to rules: the level of a rule is the level of its atoms in the head.

By extension, we can assign levels to the choice variables: the level of a choice variable is equal
to the level of the corresponding rule.

Let us suppose that the choice variables are ordered according to a topological sort of the graph
Gin, i.e. if k > i chy is not an ancestor of ch;.

Let us compute the Lagrangian Lg); for such a case

Lear = 1g(CH, T;Y) - 4(Eqllog P(X, T, CH)] — Eq[log Q(CH, T))) &
where
I(CH,T:Y) = H(CH,T)k?gHe(CH,TD/) _

—Eqllog Q(CH, T)] + Eqg[log Q(CH, T|Y)] =

~Eq[log Q(CH, T)] + 3 " Eqlog Q(CHi[Y)] + 3 +Eqlog Q(T;|Y)]
and

Eqllog Q(CH.T)] ~ 3" Eollog Q(CH,)] + 3 Eqllog Q(T,)

Thus

L = Eqllog Q(CH, T|Y)] - yEqllog P(X, T, CH)] + (7 — 1)Eqllog Q(CH, T)]) =



ZEQ [log Q(CH,|Y)] + ZEQ llog Q(T;]Y)] — 4Eq[log P(X, T,CH)] +

7=1) ) _Eqllog Q(chi)] + (7= 1) 3 Eqllog Q(t;)]

Proposition 1 (Stationary points of Lgns). Let Lgy be the function 1. Q(chily) and Q(t;|y)
are stationary points of Lgyr with respect to a fized choice of P if and only if for all values ch;, t;
and y:

chily) = ——————Q(ch;) =7 ER(chiy) 2
Qehily) = 57— Qleh) @
1 1—~ _~EP(t;

tily) = ) e (tiry) 3
Qtly) = 55 Qt) e 3)

where
ZCH Z Y, ZQ Ch/ 1— 'ye’y]E]P’(chl,y) (4)

ch/,

(i, ZQ 1 ¥ o VEP(t7,y) (5)

are normalizing constants, and
EP(Chh y) = EQ(CH7T|Chi,y) [log P(X[y]’ T7 CH)L

EP(t;,y) = Eq(cH, Tty [log P(z[y], T, CH)].

Proof. We want to find the stationary points of Q(ch;|y) and Q(¢;|y) under the constraint that

> Q(chily) =1
ch;
Z Qtily) =1

for any y.
Using Langrange multipliers, we want to optimize:

£ = Eg[log Q(CH, T|Y)] — 4(Eg[log P(X, T, CH)] + Eq[log Q(CH, T)])(y — 1)+
+ZZA (> Q(ehlly) - 1) +ZZA Q) - 1)
ch/ té

Computing the derivative of £ with respect to Q(chiolyo) and Q(ti0lyo) we get

OEqlog Q(CHL|Y)] 03, , Qchi, y)log Q(chily)
0Q(chiolyo) B 0Q(chiolyo) B
Q(chy, yo)

((Q(un) o @(ctnl) + 2 T ) 14i0 = k. chio = e} =
Q(yo)(log Q(chi|yo) + 1)1{i0 = k, chig = chy}




OEq[log Q(T3|Y)] 03 4, Qtk,y)log Q(tly)
9Q(tiolyo) B 0Q(tiolyo)
Q(tx, yo)

(00108 Q(en) + G ) 1400 = ot =11} =
Q(yo)(log Q(tlyo) + 1)1{i0 = k, tio = tx}

OEq[log P(X,T,CH)] 0 entyx Qch, t,x,y)log P(x,t, ch) B
9Q(chiolyo) B 0Q(chiolyo) N

aQ(Ch7t7xvy)
Ch%)x 20 (chiolyo) og P(x,t,ch)
> 9Q(ch, t, x|chi, y)Q(chily) Q(y)
ch,t,y,x aQ(CthLyO)

Z Q(Ch,t,X|Chi0,y0)Q(y0) IOgP(X,t,Ch) =
ch¢{ch;},t,x

Q(Y0)EQ(CH, T|chio,y0) 108 P(X[y0], T, CH)]

log P(x,t,ch) =

9Eq[log P(X, T, CH)|
0Q(tiolyo)

= Q(yO)EQ(CH,T\tzmyo) [IOg P(x[yo], T, CH)]

0Eq[log Q(CH, T)] 0Q(chy) log Q(chy,) 0Q(ty) log Q(tx)
9Q(chiolyo) ;; 9Q(chiolyo) ZZ 9Q(chiolyo)

0Q(chy) dlog Q(chy)
Z Z 2Q( Ch'10|y0 0g Q(chw) + Z Qchi) 9Q(chiolyo) N

0Q(ty) 310gQ(tk) _
ZZ aQ ch; 0|y0 tk + ZQ tk 6@ Chl()|y0) o

0 c o c
ZZ Z Q hk|y) () gQ(Chk)+ZQ<Chk)al gQ( hk)+

=4 9Q(chiolyo) o 9Q(chiolyo)
9>, Qtkly)Q(y) alOgQ(tk) _
ZZ 9Q(chiolyo) Q) +ZQ 9Q(chiolyo)

ZZGZ Q(chi|y)Q(y ) gQ(Chk)+ZQ(Chk) 1 aZyQ(Chk‘y)Q(y) n

47 0Q(chiolyo) o Q(chy)  9Q(chiolyo)

Zzaz Q(tkly)Q(y) o Q(t0) + 3" Q(t0) 1 03, Qtly)Qly) _

9Q(chiolyo) Q(ty)  0Q(chiolyo)
Qo) log Qchin) + Qlchio) 0L _ (yq) (1og Qleh) +1)
Q(ChzO)
OEq[log Q(CH, T)] o '
o5 QT — Qo) 1oz @(t) + 1
Therefore
OL

BQ(chuly) Q(yo)(log Q(chiolyo) + 1) — vQ(yo)Eq(cH, T|chio,v0) 10g P(X[yo], T, CH)] +



(v = DQ(yo) (log Q(chig) +1) + AT =

Q(yo)(log Q(chiolyo) + 1 — YEQ(CH T|chio.yo) 108 P(x[yo], T, CH)| +
(v = D)(log Q(chig) + 1)) + ATIL =

Q(yo)(log Q(chiolyo) + 1 — YEq(cH,T|chio,y0) 108 P(x[yo], T, CH)] +
v(log Q(chig) + 1) —log Q(chio) — 1) + &Cﬁ =

Q(yo)(log Q(Ch10|y0) YEQ(CH, T|chio,yo) 108 P(x[yo], T, CH)] +
7log Q(chin) + v — log Q(chin)) + AT,

0
Wi\yo) = Q(yo)(log Q(tiolyo) — YEQ(cH,T|t:0,y0) l0g P(x[yo], T, CH)] +

’YIOg Q(tiO) + Y= IOg Q(tiO)) + >\’L Y0
Dividing by Q(yo) and equating to 0
Q(chiolyo) = 6*7*/\?,5{]/Q(yo)Q(ChiO)1*76“/]EP(chm,yo)
Qltiolyo) = efvfx\fyo/Q(yo)Q(tio)l—veleﬂ"(tm,yo)

where

]EIP(Chia y) = ]EQ(CH,T\C}M,Z/) [log P(X[y]7 T7 CH)]
EP(t;,y) = Eo(cH,1t:,y) [log P(x[y], T, CH)]

Normalizing we get

1 _ ch
Q(chily) = 7ZCH(Z' , 7)Q(chi)l 7 VEP(chiy)
1
tly) = )17 YEP ()
Q) =z O

where

Zcu(i, y,7) ZQ (ch))t= ¥ o VEP(chi,y)
chl,

(i,y,7) ZQ 1= VEP(t],y)

1.1 Derivatives of Gen, 4 (Q,7) and Gy, (Q,~)

Let us now compute the continuation direction. The G functions are
Genyy(Q,7) = —log Q(chk|y) + (1 — ) log Q(ch) + YEP(che,y) —log Zen (k,y,v)  (6)

Giy(Q,7) = —log Q(trly) + (1 — 7)log Q(tr) + VEP(ty, y) — log Zr(k,y,7) (7)
We apply a computation similar to the one in appendix B in [2].
Let us first express the parameters of P: Gmpawj = 1if 2; € val(pa,,;) and 0 otherwise. For a

non ground rule r, let Ogg —nd, [body, OF SIMPLY Ong, jpody, De the probability that the head hd,. is
selected given that the body has truth value body,. Let i(r) be the set of instances of r and, given



a ground rule k, let r(k) be the non ground rule of which k is an instance. Given the body pa,,
of instantiated rule k, let bt(pa.,,) be 1 if the observed variables in pa.,, do not make the body
false and 0 otherwise. Let tb(pa,y, ) be a set of values for the unobserved variables that are parents
of chy. The values are those that do not make the body false.

aHdTv:nullLfalse =1.0

and
eHdT:z|true =0.0

; _ Dseir) 22y QW)Q(Chs = hd, [y)bt(pacy [Y]) I covpa,,.) Qtily) + alr, hdy true)
e ey Sy Qb ) Ty copan, QU619 T alr, ruc)
D s chaci(r) N (s, hd,) + a(r, hd,, true)

N(r) -

N (r,hd,)
N(r)

N(s,hdr) = > Q)Q(Chs = hd,[y)bt(pa,, [y)  [[  Qily)

Y ti€tb(pacy, )

The derivatives of the parameters are:

ON (s, hd,)
0Q(chio|yo)

ON(r, hd,
W —Quo) Y btpag o) [[ QUsluo)t{chio = hd}

sei(r) tjetb(pachs)

= Qolbt(pay, lw)) [  Qtilvo)1{chio = hd,}

tjetb(pagy,,)

ON(r)
9Q(chiolyo)
ON (s, hd,)
9Q(tiolyo)

m = Q(yo) Z Q(Chs = hdr|y0)bt(pach5 [yo]) H Q(tj|yo)1{ti0 S tb(pachs)}

s€i(r) t; th(pachs)\tm

= Q(y0)Q(Chy = hd,|yo)bt(pa,,_[yo]) H Q(tilyo)1{tio € th(pa,y, )}
ti€tb(pa.y,)\tio

% =Q(yo) Y bt(pay, [vo]) 11 Q(t;]yo)1{tio € th(pa,, )}

s€i(r) tjEtb(pa.y,, ) \tio
39xj Ipa,.
0Q(chiolyo)
69tk |Pat,k
0Q(chio|yo)
80Ij Ipam :
9Q(tiolyo)
aetﬂpatk
9Q(tiolyo)

=0



30na, | faise _
9Q(chiolyo)

ON (r,hd, ON (1
6ehd,.\true _ WN( ) +N(T’ hdr)Wf(ﬂ)yo) —
9Q(chiolyo) N(r)?
Zsei(r) bt(pa,y, [yol) Htjetb(pachs) Q(tj]yo)H{chio = hd,}
Q(yO) N(?") ]

0Q(tiolyo) N(
Q(yo) Zsei(r) Q(O

AN (r,hd,.) N (1)
aehdr|”ue aQ(tz‘o\yo)N( r) +N(T hd )8Q(t i0lyo) _
r)?
h

Nr)
Qo) et bt 110 Ty cintpar, eso QUEs10) Ltin € th(pag, )} (r. hd,)
NP2

9dlog P(x[y],t,ch)

DOkl We can express log P(x[y], t,ch) with respect to ch; as

Let us now compute

log P(x[y], t, ch) Z log Omd, ;) =chy|true + Z log 0pa, ;= chklpachk[ y|
ket(i,y) kgt(i,y)

+ Z 1Og exj \pawj [y] + Z 1Og Htk ‘Patk
j k

where t(i,y) is the set of choice variables chy that are instances of rule r(i) and such that the
instantiated rule k has the body true with respect to x[y], t. Since the summations »_; ;o ) and
> ; have 0 derivative, it is possible to prove that

Proposition 2 (Derivatives of log P with respect to Q(chio|yo))-

0log P(x[yo],t, ch)
9Q(chiolyo)

where chy; ) is the set of choice variables chy, with k € t(i,y), and

= Q(Y0)D(yo, chuiyo): chio, th(Pagy, , , )) (8)

D(yo, che(i,yy), chio) = 9)
N(r(l (Zk ket(io) rra, )_1C‘hk|t7‘ue> N (i, chy(i,yo)s chio, tb(pacht(i,yo))) (10)
with N (i, Cht(iﬁyO)’ chio, tb(paCht(i,yo))) = Zset(ivy0)75hi020hs Htj Etb(pa,y,) Q(t;yo)-

Proof.

0 lOg P(X[y0]7 t7 Ch) _
9Q(chiolyo) B

1 aeHdr(i):cthrue
Ord, =chy|true  OQ(chiolyo)

k,ket(i,yo)
1 Htj th(pa,y,, )Q(t ly0)1{chio = chi }
I S _

0 L
koket(i,yo) Hir@=chkltrue jyam

Qo) S S [T Qo) {chio = che} =

r(2 0 N y
N (@) koket(iyo)  Hdr=eheltrue oy ctnipa,y,,)

s = hdr|yo)bt(pacy, [yo]) IT;, civipa,, o @(EilYo) HEio € th(pac,, )} N



1 1

Z H Q(tjlyo)1{chio = chs} | =

5€L(i,y0) t; Etb(Pacy, )

1 1
Q(@/o)m Z Y —— Z H Q(tjlvo) | =

0 L
koket(iyo)  Har@=chultrue [\ sy yo).chig=ch. t;€tb(payy, )

0 . ,
kket(iyo)  Hdry=chy|true

1 . .
Q(y())mT(Z, Cht(i7y0))N(Z’ Cht(i,yg)a Chi(]a tb(pacht(i,yw )) =
Q(Y0)D (Yo, chi(i o) chio, tb(pacht(z‘,yw )

where chy; . is the set of choice variables chy, with &k € t(i, Y). g

9log P(x[y].t.ch)

Let us now compute G We can express log P(x[y], t,ch) with respect to t; as

IOg P(X[y]a ta Ch) = Z IOg aHdT(k):ch,k [true + Z IOg ng,,.(i):chMpa
keb(ti,y,x[yl.t) kgb(ti,y,x[yl.t)

Z log ij |pamj [y] ++ Z IOg 9tk|patk
j k

[yl+

chy,

Let b(t;, y, x[y], t) be the set of instantiations of rules for which ¢; appears in the body with a matching
truth value and such that the body is true with respect to x[y], t. The summations 3, . ,

x[yl,t)
>_; and ), have 0 derivative with respect to Q(io|yo)-

Proposition 3 (Derivatives of log P with respect to Q(t0|yo))-
dlog P(x[yo], t, ch)

= Q(v0)F (yo, X[yo], ch, t)

9Q(tiolyo)
where
F (Yo, x[yo], ch, t) = (11)
Q(yo) Z Z Q(Chy = chylyo)bt(pagy, [vo])
k€b(tio,yo,x[vol,t) s€i(r(k))
I—[t;.efb(pachs)\t,;(J Q<t3|yo)1{ti0 € tb(Pachs)} 1 1) =
N (r(k)) O, oy =ch|true
Proof.
dlog P(x[yo],t,ch)
9Q(tiolyo)
1 OO0k, .y =chy|true

kbt yo) Ord, y=chiltrue  OQ(tio|yo)

Q) Y !

0 —
keb(tio,yo,x[yo],t) Hdy=chitrue

(Q(yo) Lseitr(ky) QUCHS = chilyo)bt(pacy, [Yo]) I1i erv(pa,, )i Q(F5190)1{ti0 € tb(pachs)}+

N(r(k))
QYo) Doseirny) bt(PAK, [Yo]) Ht}etb(pachs)\tio Q(t;lyo)L{tio € th(pacy, )IN (r(k), Chk)) _

N(r(k))?



Qw) Y S QN = chulyo)btlpa, [uo)) -

keb(tiopoyaxtuolp) P =ehltrue (i)
(Ht;etb(pachs)\tw Q(t;]yo)H{tio € th(pay,, )} N Ht'jetb(pachs)\tw Q(t5lyo)1{tio € tb(pachs)}N<T<k)’Chk)>

N(r(k)) N(r(k))?
1
Q(yo) > ———————— > Q(Ch, = chy|yo)bt(pa,, [vo]) -
oHd (ky=chy|true .
k€b(ti0,90,9,%[yo],t) (k) =k s€i(r(k))
Il etnipa,,, vz, @Eilb0)1{tio € th(pac, )} (1 N (T(k’)vchk)> _
N(r(k)) N(r(k))
1
Q(yo) > o > Q(Ch = chylyo)bt(pa, [vo)) -
keb(tioyo.y.xlyol,b)  Tdrm=chrltrue . icigy,
L1 ctvipa,,, o @i 1Y0) HEio € th(pacy, )}

NG®) L 011, 4y oy irue) =
Qyo) > Y QICH, = chilyo)bt(pa, [yo]) -
keb(tio,yo,y,x[yo],t) s€i(r(k))
Iy civipay vt QU 190)1{Ei0 € th(Pa, )} 1 o
N(’I"(k)) eHdr(k):chk\true

Q(yo)F (yo,x[yo], ch, t)

O
Proposition 4 (Derivatives of EP(ch;,yo) with respect to Q(chio|yo))-
OEP(ch;,yo)
— 12
9Q(chiolyo) 12)

Qo) > II Q(chklyo)

chy, echt(i,yo)\{chi},tetb(pacht(i vo) ) chy €chy (i,y0)\{ch:}
Proof.

OEP(chi,yo)  OEqQ(CH,T|ch, yo)l0g P(x[yo], T, CH)]
dQ(chiolyo) 9Q(chiolyo)
_ 8Zch7t Q(ch, t|ch;, yo) log P(x[yo], t, ch)
a 9Q(chiolyo)
- O0ch. )
ch

0log P(x[yo],t, ch)
0Q(chiolyo)

log P(x[yo], t,ch) + Q(ch, t|ch;,
9Q(chiolyo) 8 Pxluo] )+ - o)

The first term is 0 because Q(ch|ch;, yo) is constant with respect to Q(chiolyo). Thus
aE]P)(Chza yO) 0 log P(X[y0]7 t7 Ch)
T2 o) _ | hi = chip} =
9Q(chiolyo) Q(CHTlehs) | 0Q(chiolyo) He chio
EQ(cH.Tlchi.y0) [Q(10) D (Yo, Chu(i,yo), hio, th(Pach, ., )){chi = chio} =
QWo)EqQ(cH,T|ch, pa,, o) [PY0: huiyo) chio, to(pacy, ., )){chi = chio}




EQ(CH,Tlchio.yo) [P (M0, ¢hi(iyo), hio), th(Pacy, , )] =
ZchkGcht(i,yo)\{chi},tetb(pacht(i’ ) Q(Cht(iyyo)ttb(pacht(i'yo) )[90)D (Yo, Chu(i o), Chio, th(Pacy, , | 1)) =

ZcthCht (i,yo)\{chi},tetb(pacht(iyyo) ) HcthCht (i,y0)\{chi} Q(Chk ‘yO)

Htietb(Pachm,yo)) Q(tilyo) D (Yo, cha(i o), chio, th(Pacy, , )
O
Proposition 5 (Derivatives of EP(¢;,yo) with respect to Q(ti0lyo))-
OEP(ti, yo) _ (13)
9Q(tiolyo)
Q?tfﬁ >k ticbody(k)) Lt, evoayone: @UEi140) Docn, Q(ehilyo) Do seiiry) Htjo € t(Pagy, ) U (s, chy, yo)
where
I1i civ(pa,,.) Q(F;1%0) 1
U(s, chi,yo) = Q(Ch = chy|yo)bt(pacy, [yo]) — N (5) Orta oy ey +1)
Proof.

OEP(t;,y0) 810gP(x[y0],t,ch) o

3@(%0\&/0) - EQ(CHsT“iayO)[ ( i0|y0) }{tl = tzO} =
Eq(cH, Tt y0) (@ (Y0) F (Yo, ech(tio), et(tio))[{ti = tio} =
Q(y0)EqQ(cH,T|t,,y0) [F (Y0, ech(tio), et(tio)){t: = tio}

EqQ(CH,T|ti0,y0) [F (Yo, ech(tio), et(tio))] =
Zch,t\t,-0 Q(ch, t|yo)F(yo, ech(tio), et(tio)) =
Zch,t\tio Q(Ch7t|y0)Q(y0) Zkeb(tio,yo) Zsez(r Q(Ch‘ - Chk?|y0)bt(pach [yOD

Ht; etb(pacy )\ tio Q(t; lyo)1{tjo€tb(pa,y )} 1
N(r(k)) Od, y=chyltrue

QW0) 2ok t: evody(k)) e, cvodyone: @Ei1M0) 2o QUeRly0) 3o sciirny) R(ChL = chilyo)bt(pa,y, [yo]) -

Ht;Etb(pachs)\tio Q(t;lyo)1{tjoEtb(pa,y )} 1
N(r(k)) Orra, y=chyltrue

Q(vo) Zk,tiebody(k)) Htjebody(k)\t,; Q(t5]yo) Zchk Q(chi|yo) Zsei(r(k)) Q(Chy = chilyo)bt(pacy, [yo]) -

e ennpann, 110 @E51v0) HEjoEtb(Pa, )} 1
N(r(k)) Ora, )=chyltrue

nggfﬁfo) > kstiebody(k)) Lt; cvoayine: QUEi140) 2ocn, QUehrlyo) Do seiirny) Htjo € th(pag,, ) U (s, chy, yo)

where

+1) =

+1) =

+1) =

H . Acp Q(tl|y )
U(s, chr,yo) = Q(Ch = chiyo)bt(pa, [yo]) tjEtbf/I\)/(Crzli)) - 1

+1)
9Hdr(k):chk\true

O

Theorem 1 (Derivates of G with respect to Q(ch;|ly) and Q(t;]y)). Overall, the derivative of
G with respect to ch; and t; are:

OGen, y(@,7) _
0Q(ch;ly)
1

 Q(chily)

1 —
+ Q) (1 — Q(chsly)) ( + YEqQ(cH,TIchi,y0) [P (W0, i,y chio tb(pacht(i,yo)))]>

Y
Q(ch;)

10



0Gy, 4(Q, 1 1—
6&(52)7) = 0w +Q)(1 — Qtily) (At + YEQ(cH Tt .yo) [F (Y0, ech(tio), et(tio))]

Q(t:)
Proof.

dlog Q(chi) _ Q(yo) 1{ch; = chio}

9Q(chiolyo)  Q(chi)
dlog Q(t;)  Qlyo)

0Q(tlw) — Q) Ui b

In the following we need

9((1 = v)log Q(chi) + YEP(chi, yo)) _
9Q(chiolyo)

I—n
Q(vo) <Q(Chi)1{6hi = chio} + YEQ(cH,T|chi.yo) [P (W0, Chi(i,y),chio» tb(Pacht(i,yO)))O

O((1 =) log Q(ti) + YEP(ti, yo)) _
9Q(tiolyo)

Q(vo) <22(1531{ti = tio} + YEq(cH, T/t ,y0) F (Mo, ech(tio), et(tio))]>

Let us write log Zcu (4, yo,7)

log Zcu (i, yo, ) = log Z e(1=7) log Q(ch)+YEP(ch;,yo)

ch,
dlog Zeu i, yo,v) _ 1 He(1—7) log Q(chi)+YEP(ch},yo) B
9Q(chiolyo) Zcu(i,Y0,7) o 0Q(chiolyo)
1 ’ 7
— (1—7) log Q(chf)+~EP(ch,yo)
— : e ; ;
Zcu(i,yo,7) ;

O((1 — ) log Q(ch;) + YEP(chi, yo)) _
0Q(chiolyo)

3 Q(ehl) ™ exp(EP(ch yo)")

ch,

O((1 = 7)log Q(ch!) + YEP(chl, o)) _
0Q(chiolyo)

> Q(chilyo)

ch;

O((1 — ) log Q(ch;) + YEP(chi, yo)) _
0Q(chiolyo)

1
Zcu(i,y0,7)

Q(chiolyo)
0((1 — ) log Q(chio) + YEP(chio, yo))
9Q(chiolyo)

Let us write log Z7 (4, yo, )

log Zr (i, 40, 7) = log Z e(1=7) 1og Q(t7)+YEP(t;,y0)
t
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dlog Zr(i,y0,7) 1 9e(1—7) log Q(t1)+vEP(t,yo) B
9Q(tiolyo) Zr(i,0,7) 9Q(tiolyo)
1
— (1—7) log Q(t{)+~vEP(t},y0)
= =0 e k3
ZT(Zay(%'y tZ,
9((1 = 7) log Q) + VEP(t}, yo)) _
6Q( 20|y0)

)17 exp(EP(t
ZT i Y0, Z]Q eXp (myO) )

I((1 —~)log Q(té) +YEP(t;; y0))
0Q(tiolyo)

> Qtilyo)

O((1 — ) og Q(t1) + 1EB(t], o)
0Q(tiolyo)

t/

i

Q(tiolyo)
I((1 — ) log Q(tio) + YEP(ti0,40))
9Q(tiolyo)

Thus, using the results obtained in Equations 8 and 11, the derivative of the G functions with respect
to Q(ch;ly) and Q(ti|y)are

0Gen,y(@ ) _ 1 O((1—n)logQlchi) +1EP(chi,y))
9Q(chily) Q(chily) 9Q(chily)
Q(chily)
(1 — 7)log Q(chi) + yEP(chi,y)) _
9Q(chs|y)
1
Qealy)

(1 — Qehylyn 2= logaCQQ((CZi';’yEP(chi,y)) _

1 =)

’YEQ(CH\chi,paChi) [D(yo, Cht(i,y),chmv tb(pachtu,yo) DD

_|_

8Gt“7](Q?’Y) —
0Q(tsly)
__ 1 O((1—v) log Q(t:) +vEP(ts,y)) 10y (A=) log Q(ts) +yBP(ti,y))
QT QL) Qtily) 00t 1)

9((1=7) log Q(t:)+EP(ts,y)) _
— gy + (1= QUtly)) LU= B o)

g + QW — Qily) (G73 + YEaiom Tie, [F(yo, ech(tio), et(tio)])

Overall, the derivative of G with respect to ch; and t; are:

8Gchi,y(Qa ’Y) _
9Q(chily)

12



1 1—7
~ o " Qy)(1 — Q(chily)) (Q(chi) + YEq(en, T chi y0) [P (Y0, i ) chio tb(paCht(i,ym))O
9G4, 4(Q,7) 1 (1—7 )
i = + 1—Q(t; +1E 1o) I (Yo, ech(tio), et(t;
O
Theorem 2 (Derivatives of G with respect to 7).
OG e, ,
w = —log Q(ch;) + EP'(ch;,y) — EqQ(cn’|y) [EP'(chl,y)] — log Q(chl)] (14)
where
EP/(Chia y) =
[T Qv iog0na,, =chipa,,, W]1{body(pac,,) = true} +
tj€body(r(i))
5 Y. ] Q) i{body(pa,,,) = false,ch; # null} +
t; epa;rhi t; Epafhi
R(i,ch,y) + 1{ch; = x;[y],val(ch;)[y] = false} + Q(T; = falsely)1{ch; =t;,t; = false})
R(i,ch,y) =
> I Qchs #x;lylly) +
Jj€P(i),x;[y]=true,ch; #x;[y] chSEpan ,8F£1%
> I  @Qehs # tlw)QUT; = truely)
jEP(i),tj=true,ch;#t; chSGpatj ,8F1
0GY, , /
50 — 105 Q1) + EP (114) — Equ [EP () ~ Tog Q1) (15)
where
E]P)/(ti’ y) =
Z Z Q(Chk?|y) H Q(tj |y) lOg aHdT(k):chk [true +
kebb(t;,y) chr#null tjebody(k),t;#t;
5(SG.ty)+ [ Q(Chs # tily){t: = true}s +
C’hSEpati
1- JI QChs#tily){t: = false}s
ChSEpati
S(i,t,y) =
Y QChy=nullly) ] Qv+
kebb(ti,y) tj€body(k),t;#t;
Y. QCm#nullly)1- [T Qly) +
kebb(ti,y) tj€body(k),tj#t;

13



> Q(Chy # nullly) +

k,body(k)[y]=true,t; body(k)

> Q(Chy, # nullly)

k,body(k)[y]=false,t;Ebody(k)

and 6 ~log0 (e.g. § = —/10),

Proof.
810gZCH(%ya'Y) _
eg
1 Z e(l—'y) log Q(ch})+~yEP(ch},y) 8((1 - 7) IOg Q(Ch;) + /YE]P)(C}L;? y)) —
Zcu(i,y,7) o vy
I\1— / / / _
ZCH e ZQ (ch!)' = VEP(ch, y)" (- log Q(ch) + EP(ch},y)) =
ZQ(Cth)(EP(ChLy) —log Q(ch;)) =

ch,
Eq(chi |y [EP(chq, y) — log Q(ch;)]

s Q) tog Q(e) + BP(chi. ) ~ B EP(eh ) — log QLeh)

alog ZT(i7 Y, ,7) _

1 Z o(17) log Q(t) +7EB(#;.y) I((1 —v)log Qgﬁ) +EP(t,y)
Y

T Q) ER(t, y) (~ log Q(t)) + EP(t, ) =

> QY (EP(t,y) —log Q(t])) =

t;

Eq 1y [EP(ti,y) — log Q(t;)]

aGti,y(Qa IY) —
2l

Let us now see how to compute EP(ch;,y)

—log Q(t;) + EP(ti,y) — Eq ) [EP(t;, y) — log Q(t;)]

EP(chi,y) = Eg(cH,T|ch:y) log P(x[y], T,CH)] =

Z Q(ch, tlch;, y)( Zlog 9Hdr(k) =chk|pag,, (Y [yl + Z log 6‘1.7'|Pazj [yl + Z log 9tk|patk) -
k

ch,ch#ch;,t J

Z Z Q(Ch7t|0hl7y) IOg eHdr(k):Chk‘pachk [y] +
k ch,ch#ch;,t

> Y Qehtiohiy)log 0, pa, [1] +

j ch,ch#ch;,t

> Y Qehitlchi y)loghy, pa, =

k ch,ch#ch;,t

14



Z H Q(tj |y) log aHdr(”:chi\pachi [y] +

t€pach,; t;€PaA.p,

Yo D Qlchitlchiy)1og Ora, i =cnyipa,,, V] +

k#i chy, ,tEpaChk

Z Z Q(Chmj |Chi7 y) IOg 91.7' |pawj [y} +

i pa,,\{chi}

Z Z Q(Chtk|chi?y) 10g 8tk|pat,€ =

k- pay, \{chi}

Z H Q(tj |y) log aHd,,(i)=chi\paChi [y] +

tepag,,; tj€pacy,

Z Z Q(Chlm t|0hia y) IOg HHdr(k):cthachk [ZU] +

k#i chy, tEPa

Z Z H Q(Chs |y) lOg ez_j |pawj [y] + Z Z Q(Chtk |Ch7i7 y) log etk |patk

i pa, \{ch:} chs€pa, s#i k pa,, \{chi}
So EP(ch;,y) can be computed without inference. Let us write EP(ch;,y) as
EP(ch;,y) = EPy(ch;,y) + EP2(y)
where EPs(y) does not depend on ch; and
EP; (chs,y) =
> II Qly) 1080k, =chiipa,,, [v] +

tepag,; tj€pacy,

Z Z H Q(Chs |y) IOg e:vj |pamj [y} +

j€p(i) pa, \{chi} chs€pa, ,s7#i

> > II  QUhlyQ;ly) 1o b, pa, [1

jep(i) pa, \{chi}.t; cha€pa, 571

where p(i) = {jlch; € pa,,} = val(ch;) \ {null}.
EPl (Chia y) -

[T Qv I10g0ma,, =chipa,, [v]1{body(Pacy,) = true} +
tj€body(r(i))

> I e®lyi{vedy(pa,,) = false,ch; # null}s +

T T
tj€pa,, tj€pag,,

II  Qhly)s+

jep(i),z;lyl=true pa, \{chi},z;[y]Zval(pa, ) cha€pa,; 1SFL

> > II @y +

j€p(i),x;[y]=rfalse pa,, \{chi},x; [y]EUal(pazj ) chs €pa,, ,$F£1

Z Z H Q(chs|y)Q(T; = truely)d +

JjEP(i),tj=true pa, \{ch;}.t; Qval(patj ) chs Epamj ,8F1

2 2 [T QEhyQT; = falsely)s =

jep(i),tj=false pa,, \{chi},t; Eval(patj) Ch5€pazj , 571
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[T Qv I0g0na, . =chipa,,, [v]1{body(Pacy,) = true} +
tj€body(r(i))

s > JI @ly)1{body(pa,,,) = false,ch; # null} +

tj€paj, t;Epay,.

> > 1 Qhdy +

Jjep(i),x;[y]=true pa,, \{chi},x; [y]€val(pamj ) chsepal,j ,87F1

> > I Qehly) +

jep(i),w;lul=ralse pa, \{chi}z;[y]€val(pa,, ) ch.cpa,  s#i

> > [T Qhdy)QT; = truely) +

JjEDP(i),tj=true pa;, \{chi}.t; Qval(patj ) chg €pa,; , 571

2 > I[I  Qhly)QT; = falsely)) =

jep(i),t;=false pa; \{ch;},t;cval(pa, ) cha€pa,; e

H Q(t;]y) log OHd, ) =chilpa,,, [y]1{body(pa,;,) = true} +
tj€body(r(i))

s > I @Qly)t{vody(pay,) = false, chi # null} +

T
ch;

> > I  Qehly)i{chi #x;} +

jep(i),z;lyl=true pa, \{chi},a;[y]¢val(pa, )\{chi} chs€pa, ,s#i

> > [T Qehdy) +

j€p(i),x;[y]=rfalse pa,, \{chi},z; [y]E'Ual(pazj N\{ch;} chSEpamj ,8F1

S T Qehayifeh: = ol +

jep(i),xz;[y]=rfalse pa,, \{ch;} chs €pa,, 871

> I[I  QhynQTy = truely)1{ch; # t;} +

jEp(i),tj=true pa, \{ch;}.,t; gval(patj N\{ch;} chs €pa,, s

) [I  QUehy)Q(T; = falsely)) +

false pa,, \{chi},t; eval(patj \{ch;}) chs €pa,, ,57#1

> II  QEhly)Q(T; = falsely)1{ch = t;} =

false pa; \{ch;} chsepa”_,j ,87F£1

ty Epa'fhi t;Epa,

(]

jep(i)vtj

jEp(i),tj
[T Qv 10g0na,, =chipa,, v]1{body(Pacy,) = true} +

t; €body(r(i))

5 Y. I Qly)i{body(pa,y,) = false,ch; # null} +

t; ePa'crhi t; ePa’crhi

> > [T Qehdy)i{chi # ;) +

JEP(i)so; [yl =true pa, \{chi},z;ly)val(pa, )\{chi} chi€pa, a7

> > 1  Qhily) +

jep(i),xz;[y]=rfalse pa,; \{chi},x; [y]eval(pamj N\A{chi} chSEpazj ,SF#1

Z {ch; = z;[y]} +

jep(i),z;lyl=false
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3 > I[I  QhlyQ(T; = truely)i{ch; # t;} +

jeDP(i),tj=true pa,, \{chi}.t; &val(patj NA{chi} chsepazj ,8F1

> > I Qhly)QT; = falsely)) +

jep(i),tj=false pa; \{chi},t; Eval(patj \{ch;}) chs €pa,, )
Z Q(T; = falsely)1{ch; =t;}) =
jep(i),t;=false
[T Qv I10g0ma, . =chipa,, v]1{body(Pacy,) = true} +

tj€body(r(i))

o( Z H Q(t;ly)1{body(pa.,,) = false,ch; # null} +

T
chy

3 ) [T Qehily)ifch ;) +

Jj€P(i),x;[y]=true pa, \{chi},z; [y]gval(pazj )\{ch;} chs €pa,, ,8F£1

> > [T Qhy+

j€p(é),z;lyl=rfalse pa, \{chi},z;[yl€val(pa, )\{ch:} chs€pa, ,s#i

3 > [I  QehlQ(T; = truely)i{ch: # t;} +

jEP(i),tj=true pa;, \{chi},t; gval(patj N\{chi}chs Epazj , 571
> > I[I  QChrlyQT; = falsely)) +
j€p(i),tj=false pa, \{chi},t; eval(patj \{chi}) chs €pa,, ,8#1
1{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)l{ch; = t;,val(ch;) =t; = false})

t Epa’crhi t;€Epa,

where § &~ log0 (e.g. § = —/10). Let

EP'(ch;,y) =
IT Qly)log OHd, 1y =chilpa,,, [V]1{body(pa,,) = true} +
tj€body(r(i))
5 Y. I Qly){body(pa,y,) = false, chi # null} +

t; epafhi t; Gpaghi

Z Z H Q(chs|ly)l{ch; # x;} +

Jj€DP(i),x;[y]=true pa, \{chi},x; [y]Qval(pamj N{ch;} chs Epawj ,SF#£1
> > [T  Qhdy)QT; = truely)1{ch; #t;} +
JEP(i),tj=true pa, \{ch;}.,t; Qval(patj N{ch;} chs €pa,; ,8#£1
1{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)1{ch; = t;,val(ch;) = t; = false}) =
H Q(t]|y) IOg eHd,.(k):chi|paChk [y]l{bOdy(pachl) = tTUG} +
tj€body(r(i))
s >[I @ly)1{body(pa,,,) = false,ch; # null} +

T T
t;€Epa,, t;EPag,,

S 11 3 Qehly)L{chi # z;} +

Jj€P(i),x;[y]=true chSEpazj , 571 pa,, \{chi},x; [y]€'ual(pazj NA{chi}
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Z H Z Q(chs|y)Q(T; = truely)1{ch; # t;} +

jeDP(i),tj=true chSEpatj ,8F£1 pa;, \{chi},t; €Ual(patj N\A{chi}
H{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = false|ly)l{ch; = tj,val(ch;) =t; = false}) =
IT Qly)log OHd, 1y =chilpa,,, [V]1{body(Pa,,) = true} +

tj€body(r(i))

5 Y. I Qly){body(pa,y,) = false, chi # null} +

T T
tJEpaChi tjepachi

> II  Qhs #alylly) +

Jj€P(i),x;[y]=true,ch;#x;[y] chs €pa,, 871

> I[I  Qlehs # 4lnQT; = truely) +

jEP(3),t;=true,ch;#t; chs €pa,, ,8#£1

H{chi = x;ly],val(chi)y] = false} +
Q(T; = falsely)1{ch; = t;,val(ch;) = t; = false})

and

EP;3(y)

:Z > 1 Qhly +

jep(d),z;lyl=ralse pa, \{ch:},z;[yl€val(pa, )\{ch:} chs€pa, ,s#i

> 3 [T  Qehdy)QT; = falsely))

jep(i),tj=false patj \{chi},t; Gval(patj \{ch:}) chEEpamJ_ ,SF#£10

where EP3(y) does not depend on ch; EP(ch;,y) = EP'(ch;,y) + EPy(y) + EP3(y) = EP'(ch;, y) +
EP”(y) and EP”(y) does not depend on ch; Let

R(i,ch,y) =
> II  Qehs #a;lylly) +
Jj€P(i),x;[y]=true,ch;#x;[y] chSEpamj ,5F#£1
> I[I Qs #tly)QT; = truely)

JjEP(i),tj=true,ch;#t; chSEpatj ,S#£1

then

EP'(ch;,y) =

II Qv iogbua, =chipa,, [v]H{body(Pay,) = true} +
tj€body(r(z))

5( Z H Q(t;ly){body(pa,,,) = false, ch; # null} +

tjEPay,  ti€pag,,
R(i,ch,y) + 1{ch; = z;[y], val(ch;)[y] = false} + Q(T; = false|y)1{ch; = t;,val(ch;) =t; = false})
So

aGchi,y(Q7 7)
Oy
—log Q(chi) + EP'(chi,y) + EP" (y) — Eqent|y) [EP (chi, y) + EP” (y) — log Q(chj)] =
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—log Q(ch;) + EP'(chi, y) +EP"(y) — EP”(y) — Eqent |y [EP' (chi, y) — log Q(ch;)] =
—log Q(chi) + EP'(chi,y) — Eqen: 1) [EP' (chi, y) — log Q(chy)]

Let us now see how to compute EP(¢;,y)

Eq(cH 1ty [log P(x[y], T,CH)] =

Z Q(Ch7t|tl7y)( Z IOg eHdT(k):Chklpachk + Z 10g aHdr(i):Chk‘pauhk +

ch,t#t; keb(ts,y) kgb(tiy)
Z IOg az”pawj [y] + Z log atk\patk + IOg 9ti|Pati) =
i ki

Z Z Q(Ch7t‘tl7y) IOg eHdr(k):Chklpauhk +

kebb(ti,y) ch,t\t;

Z Z Q(ch, t]ts, y)log O, =ch,|pa,,, +

kgZbb(t;,y) ch t#t;

Z Z Q(ch, tlt;,y) logOJ:]‘pa +Z Z Q(ch,t|t;, y) log 04, |pa,,

j chit#t; k#1 ch,t#t;
Z Q(Cha t|ti> y) log eti \pati =
ch,t\t;
YD Qely) > 11 Q(t;1y)10g Ora, oy =chrlpa,,, +
kebb(t;,y) chi tebody(k),t#t; t;€body(r(k)),t;#t:
Z ZQ(ChHZJ) Z H Q(t”y) IOg oHdr(i):Chklpachk +
kgbb(t:,y) chr tebody(k),t£t; t; €body(r(k)),t; £t
> Z Qpay, [1)1080s,1pa, + D D Qpay, [y)10g0spa, + Y QPay,[y)108 0, pa,,
J P, k#i pag, pa;,

where body(k) body of the rule for chy, body(k)[y] the portion of body restricted to X variables
taking the values x[y], bb(t;,y) = {k|body(k)[y] = true,t; € body(k)}.
So EP(¢;,y) can be computed without inference.

EP( uy) EPI( uy) +EP2( )

where EPs(y) is

]EPZ Z Z Q pa; |y logom”pa + Z Z Q patk|y logetklpa,

j pag, k#i pa,

and it does not depend on ¢; and

E]P)l (tza ) =
> Z (chily) > 11 Q(t;ly)1og Ona, =chilpa,,, +
kebb(ti,y t€body (k) t#t; t; Ebody(k),t;7#t:
Z Z Chk \y Z H Q(tj |y) log 9Hdr(i):Chk Ipa.s, +
kgbb(t;,y) chg t€body(k),t#t; t;€body(k),t;#t;
> Qpay,ly)10g 0, pa, =
S
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S > Qlehkly) Y 1T Q(tj1y)10g Ora, o =chrlpa.,,, +

kebb(t;,y) chy tebody(k),t#t; t;€body(k),t;7#t;

> > Qchily) > 11 Qtjly)logbrd,  =chilpa,,, +

kgbb(t;,y),T;€body (k) chy tebody(k),t#t; t;€body(k),t;#t;

Z Z Q(Chk |y) Z H Q(tj ‘y) lOg eHdr(i)ZChklpachk +

kgbb(t;,y),T; ¢body (k) chy tebody(k),t#t; t;€body(k),t;#t;

> Q(pay,|y) log by, pa,,

a
Pay,

So E]Pl (ti, y)
EPy (t;,y) = EP'(t;,y) + EPs3(y)

where EP3(y) is

EP3(y) =

Z Z Q(Chk|y) Z H Q(tj |y) log aHdr(i)ZChk Ipa.s,

kbb(t:,y),T; Zbody(k) chi tebody(k),t#£t; t;Ebody(k),t; #t;

and it does not depend on t; and

EP'(t;,y) =
Z Z Q(chkly) Z H Q(t;ly) log eHd"'(k):Chklpachk +
kebb(t;,y) chi tebody(k),t#t; t;Ebody(k),t;7#t;
Z Z Q(chily) Z H Q(tjly)10g bra, o =ch, lpa, +
k&bb(t;,y),Ti€body (k) chi tebody(k),t#t; t;€body(k),t;7#t;
> Q(pay,|y)10g by, pa,, =
pPay;
Z Z Chk‘y H Q(t_]|y) log aHdr(k):chk\true +
kebb(t;,y) chr#null tjc€body(k),t;#t;
Y. QCh=mnullly) [ Qo
kebb(ti,y) tj€body(k),t;#t;
Y Qehly)(1 - 11 Q(tily))o +
kebb(ti,y) chr#null tjebody(k),t;#t;
> STQchily) Y I[I  QWlvlostua.=chiipa,,, +
k&bb(t;,y),Ti€body(k) chi tebody(k),t#t; tj€body(k),t;#t;

> [T Qehdy){t: = true}s +

pat; T gpati chg Epati

Z H Q(chs|y){t; = false}d =

pa, ,Tic€pa;, chscpa,,

Z Z Chk‘y H Q(tj|y) IOg aHdr(k):chk\true +

kebb(ti,y) chy#null tjebody(k),tj#t;

Y. QCh=mullly) ][ Qi+
kebb(ti,y) tjebody(k),tj#t;

Y. QCm#nully)1- [ Qly)s+
kebb(ti,y) tj€body(k),t;#t;

20



Z Q(Chy # nullly)d +

k,body(k)[y]|=true,t; €body(k)

> Q(Chy, # nullly)s +

k,body(k)[y]=false,t; Ebody(k)

[T QChs # tily){t: = true}s +

C’hSEPati
11— JI @QChs#tily){t: = false}s =
ChSGpati

SN Qlerly) I QUily)10gOma, —chyjtrue +
kebb(t;,y) chr#null t;€body(k),t;#t;
6 Y, QCh=nullly) T[] Q@+
kebb(ti,y) tijOdy(k),tJ';éti
Y. QOm#Anully) (- T Q)+
kebb(ti,y) tj€body(k),t;j#t;

> Q(Chy, # nully) +
k,body(k)[y]|=true,t; €body(k)

> Q(Chy # nullly) +

k,body(k)[y]=false,t; Ebody(k)

[I @hs #tily){t; = true}s +

C’hSEPati
1— JI @QChs#tily){ti = false}s
Chsepaw
Let
S(i,t,y) =
Y. QChp=mnullly) ]  Qly) +
kebb(ti,y) tjebody(k),t;#t;
Y. QCh#mully)t— ] Q)+
kebb(t;,y) tijOdy(k),tJ';éti
> Q(Chy, # nullly) +
k,body(k)[y]=true,t; €body(k)
> Q(Chy, # nullly)
k,body(k)[y]=false,t;Ebody(k)
then
Epl(thy):
> > Qlchily) 11 Q(t;ly)1og Oma, .y =chy|true +
kEbb(t;,y) chi#£null t;€body(k),t; £t
5(SGty)+ [ @(Chs # tily){ti = true}s +
ChSEpati
(1— JI @QChs#tily){t: = false}s
Chb.Epatl_
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So

8Gt7~,,y(Qv ’7) o
0y N
—log Q(t:) + EP'(ti,y) — Equ 1) [EP' (], y) — log Q(t7)]

O(chs|y) [log Q(ch;) ZQ (chily) log Q(ch;)

Eq(1:]y) [log Q(t: ZQ (tily) log Q(t:)

Now that we have the optimization direction, we have to decide the size of the step to take.
Theorem 3 (Derivatives of Io(CH, T;Y) with respect to Q(chio|yo) and Q(tio|yo))-

014(CH,T;Y)

0Q(chnly) Q(yo)(log Q(chiolyo) — log Q(chio))

91o(CH, T;Y)

Q(tiolyo) = Q(yo)(log Q(tiolyo) — log Q(tio))

Proof.
Io(CH,T;Y) =
—ZEQ log Q(CH;)] ZEQ log Q(T, +Z1EQ llog Q(C'H,|Y)] +Z1EQ log Q(Ti|Y)] =

_ZZQC}L [9)Q(y) log Q(ch;) ZZQH?J y)log Q(t;) +

i chiy i tiy
D> QUehily)Qw)log Q(chily) + > Y Q(tily)Q(y) log Q(t:ly) =
i chiy i tiy
YD QW)Q(chily) log Q(chily) — Q(chily)Q(y) log Q(chi) +
i ch; Yy

ZZZQ Q(t:ly) log Q(t:ly) — Q(t:ly)Q(y) log Q(t;) =
ZZZQ Q(chily)(log Q(chily) — log Q(ch;)) +

i ch; Yy

ZZZ@ Q(t:|y)(log Q(tily) — log Q(t:))

So its derivatives

Olg(CH, T;Y)  0Eq[log Q(CH,)]| n OEq[log Q(CHilyo)]
9Q(chiolyo) 9Q(chiolyo) 9Q(chiolyo)
—Q(yo)(log Q(chio) + 1) + Q(yo)(log Q(chiolyo) + 1) =
Q(yo)(—log Q(chio) — 1 +log Q(chiolyo) + 1) =
Q(yo)(log Q(chiolyo) — log Q(chio))
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g(CH, T;Y)  0JEq[log Q(Ti)] | 9Eqllog Q(Tilyo)] _
9Q(tiolyo) 9Q(tiolyo) 9Q(tiolyo)
—Q(yo)(log Q(tio) + 1) + Q(yo)(log Q(tiolyo) + 1) =
Q(yo)(—log Q(tio) — 1 +log Q(tiolyo) + 1) =
Q(yo)(log Q(tiolyo) — log Q(tio))
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